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Introduction 



■&' jo**. 

We are pleased to introduce this book to show the philosophy on which the academic content 
has been prepared. This philosophy aims at: 

1 Developing and integrating the knowledgeable unit in Math, combining the concepts and relating 
all the school mathematical curricula to each other. 

2 Providing learners with the data, concepts, and plans to solve problems. 

3 Consolidate the national criteria and the educational levels in Egypt through: 

A) Determining what the learner should learn and why. 

B) Determining the learning outcomes accurately. Outcomes have seriously focused on the fol- 
lowing: learning Math remains an endless objective that the learners do their best to learn it all 
their lifetime. Learners should like to learn Math. Learners are to be able to work individually 
or in teamwork. Learners should be active, patient, assiduous and innovative. Learners should 
finally be able to communicate mathematically. 

4 Suggesting new methodologies for teaching through (teacher guide). 

5 Suggesting various activities that suit the content to help the learner choose the most proper activi- 
ties for him/her. 

6 Considering Math and the human contributions internationally and nationally and identifying the 
contributions of the achievements of Arab, Muslim and foreign scientists. 

In the light of what previously mentioned, the following details have been considered: 

★ This book contains three domains: algebra, relations and functions, calculus and trigonometry. The 
book has been divided into related and integrated units. Each unit has an introduction illustrating 
the learning outcomes, the unit planning guide, and the related key terms. In addition, the unit is 
divided into lessons where each lesson shows the objective of learning it through the title You will 
learn. Each lesson starts with the main idea of the lesson content. It is taken into consideration 
to introduce the content gradually from easy to hard. The lesson includes some activities, which 
relate Math to other school subjects and the practical life. These activities suit the students' dif- 
ferent abilities, consider the individual differences throughout Discover the error to correct some 
common mistakes of the students, confirm the principle of working together and integrate with 
the topic. Lurthermore, this book contains some issues related to the surrounding environment 

and how to deal with. 

^ Each lesson contains examples starting gradually from easy to hard and containing various levels 
of thoughts accompanied with some exercises titled Try to solve. Each lesson ends in Exercises 
that contain various problems related to the concepts and skills that the students learned through 

the lesson. 

Each unit ends in Unit summary containing the concepts and the instructions mentioned and 
General exams containing various problems related to the concepts and skills, which the student 

learned through the unit. 

Each unit ends in an Accumulative test to measure some necessary skills to be gained to fulfill the 
learning outcome of the unit. 

* The book ends in General exams including some concepts and skills, which the student learned 
throughout the term. 

Last but not least. We wish we had done our best to accomplish this work for the 
benefits of our dear youngsters and our dearest Egypt. 
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Unit introduction 



The swiss scientist Leonard Euler (1707 - 1783) is considered one of the most prominent of the eighteenth 
century in mathematics and physics. He had been credited with using the symbol y -fix) to express the 
function. He had considered that the function is a correlation between the elements of two sets with a 
relation that allows to calculate a variable value of dependent variable Y for another independent X 
which we choose freely. In such a way, he identified the function but not the curve. This contributed in 
converting the geometry into arithmetic relations. He had converted all the trigonometric ratios which 
ancient Egyptians, Babylonians and Arabs had excelled into trigonometric functions. Leonard Euler 
had inserted the constant number e ~ 2.71828 (Euler’s number) as the base of the natural logarithm. 
Furthermore, he discovered the mathematical relation z n +1=0 relating among the most important five 
constants in Mathematics. He had also related among the trigonometric functions, exponential functions 
and the composite numbers. In this unit, you are going to learn different forms of the real functions, 
their behaviour and their graphical representation using the geometrical transformations and graphical 
programs and to use the real functions in solving life and mathematical problems in different fields. 



PDF Compressor Pro 



Unit 

One 



Unit objectives 



By the end of this unit, the student should be able to: 



0 Identify the concept of the real 
function. 

0 Determine the domain, co-domain 
and range of the real functions. 

0 Identify a simplified idea about the 
operations on the real functions 
(compositions of functions). 

0 Identify some properties of the 
real functions. 

•0- Identify the even and odd functions 
and differentiate between them. 

0 Identify the one-to-one function. 

0 Deduce the monotony of the real 
functions(increasing, decreasing 
and constant functions). 

0 Identify polynomial functions. 

0 Graph the curves of (quadratic 
function - modulus functions - 



cubic function - rational function) 
and deduce the properties of each. 
Deduce the effect of the following 
transformations: fix ± a) ± b and 
a fix ± b) ± C on the previous 
functions. 

Apply the previous transformation 
on graphing the curves of the real 
functions. 

Solve equations in the form of : 
lax + bl = c, lax + bl = \d x + cl , 
lax + bl = c x + d. 

Solve inequalities in the form of: 
lax + bl < c and lax + bl < c, 
lax + bl > c and lax + bl > c 

Use the real functions to solve 
math and life problems in different 



fields. 

0 Relate what they learned about 
the effect of the previous 
transformations on the trigonometric 
functions in the form of activities. 

0 Investigate the graphical 
representation of the real functions 
which have been previously 
learned and the effect of the 
previous transformation using the 
“Geogebra” program. 

0 Use the graphical calculator to 
represent some functions that 
are hard to be represented by the 
common methods, then learn the 
properties of these functions. 
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Key terms 

; Real Function 
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; Absolute Value Function 



Z Rational Function 
Z Asymptote 
; Trans/ormation 
; Translation 
; Re/lection 
; Stretching 
S Graphical Solution 



Lessons of the unit 



✓ IN. 



Chart of the unit 



Lesson (1 - 1): The real functions. 

Lesson (1 - 2): Some properties of functions. 
Lesson (1 - 3): Monotony of function 
Lesson (1 - 4): Graphical representation of 
functions and geometrical 
transformations. 

Lesson (1 - 5): Solving Absolute Value 

Equations and Inequalities. 

Materials 



Materials Scientific calculator, 
Computer (Graph, GeoGebra) 



Real functions and tracing graphs 



The range of function 
Operations on functions 
Composition of functions 



Symmetry of function 



■ 



The one - to one function 



ion 



Real functions 



Properties of 
functions 



Monotony of 
function 



Graphical representation of function 
by geometrical transformations 



Solution of equations 
Solution of inequalities 



Life 

applications 
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Unitone 



1 - 1 




We will learn 



► Concept of real function. 

► The vertical line test. 

► The function of more 
than one rule. 

► Identify the domain and 
range of real function. 

► Operations on functions. 




Key - term 



► Function 

► Domain 

► Co-domain 

► Range 

► Arrow Diagram 

► Cartesian Diagram 

► Vertical Line 

► Piecewise Function 



Matrials 



► Computer program for 
graph 

► Scientific calculator. 




If: X » Y 

then /= 

{(x,y):xG X, 

ye Y ,y =fix)} 



Explore 



As you have studied , the function is a relation between two non - empty 
sets X and Y such that each element in the set X has one and only one image 
in the set Y. The function is denoted by one of the symbols / , g , h , .... 
If / is a function from the set X to the set Y then we write : 

/: x » y (read as/is a function from X to Y ). 

Notice that: 

f 

1- For each element x e X there is a 
unique element y e Y by the rule 
of the function and it is written as : 

y =/») 

2 - the set X is called the domain of the 
function and the set Y is called the 
co-domain of the function. 




3 - the set {y =f(x ): x e X} is called the range of/and known as the set 
images of the elements of the function domain . 



■vjl 

gl Real Function 

E2l A function /is called a real function if each of its domain and 
co-domain is the set of real numbers 11 or subset of it . 



Example 

X Y 

1 The relation represented by the opposite arrow 
diagram represents a function where the domain 
of the function is the set X = {1, 2, 3, 4} the co- 
domain of the function is the set Y = {5, 6, 7, 8, 9} 
but the set of elements {6, 8, 9} is called the range 
of the function: 

The previous relation can be represented by 
the Cartesian diagram as shown in the following graph where the 
function /= {(1, 6), (2, 8), (3, 9), (4, 6)}. 
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Notice that: from the previous example: 

1 - The graph of the function is a set of separated points. 

2 - The vertical line passing through each element of the domain cuts 
its graph at only one point. 



U Try to solve 

1 In the opposite figure, all the squares are congruent if x is the number 
of rows in this pattern and y is the area of the figure measured by 
square units. 

a What is the value of y when x = 5 ? 

What is the value y when x = 9 ? 

b Write the mathematical relation between the number of rows of 
the figure and its area in the pattern, 
c Is this relation a function from X to Y ? Explain. 
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The vertical line test 

If the vertical line at each element of the domain 
passes through only one point of the points 
representing the relation, then the relation is a 
function from X > Y 




Function 



Not function 



Example identify the Relations Representing a Function 
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Fig (2) 



Fig (3) 



Fig (4) 



Fig (D 

^ Solution 

Fig (1) represents a function. 

Fig (2) doesn't represent a function because the vertical line passing through the point (1,0) 
intersects the curve at infinite number of points. 

Fig (3) represents a function. 

Fig (4) doesn't represent a function because there is a vertical line intersects the curve at more 
than a point. 
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Unit one: Functions of a real variable and drawing curves 



f 



H Try to solve 

2 Show which of the following relations represent a function from X > Y and give reason. 
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Fig (2) 



Fig (3) 



Example identifying the domain and the range 

3 a If/: [1,5] > ! where/(x) = x + 1 

Graph the function / and deduce the range of this 
function from the graph. 

b If g\ [1, 5[ > M, where g(x) = x + 1 

Graph the function g and deduce the range of this 
function from the graph. 



Solution 

a The function /is linear and its domain is [1, 5], It is 
graphically represented by a line segment whose two 
ends are (1,/(1)) , (5,/(5)). i.e. the two points (1, 2) and (5, 6). 
The range of function/= [2, 6] 

Which is the y-coordinates for all points in the domain of/. 



Fig (4) 
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b The function g is linear and its domain is [1, 5 [. It is clear 
that g(x) =f(x) for all x e [1, 5[ then g is represented by a 
line segment; one of its ends is point (1,2) and the other 
end (5, 6) is ignored by marking it with an open circle. 
The range of the function g = [2, 6[ 

| Try to solve 
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3 a If/ : [1 , oo [ >]R, where /(x) =1 -x 

represent / graphically and deduce the range of the 
function from the graph. 

b If g : ]- oo, - 1 [ > K , where g(x) = 1 - x 

represent g graphically and deduce the range of the function from the graph. 
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1-1 



^ I 

^ Co-operative learn 



To decrease the consumption of electricity, water and gas, 
the monthly consumption is calculated with respect to 
special categories relating the consumption amount to its 
value. 

The table opposite illustrates the prices of the monthly 
consumption categories for the natural gas at homes in 
piasters. Calculate the value of a home consumption of the natural gas in piasters with a classmate for 
the following quantities: 

1-30 cubic meters monthly. 2-60 cubic meters monthly. 



Monthly consumption 
in (m 3 ) 


Price per 
piasters 


till 25 


40 


More than 25 till 50 


100 


More than 50 


150 



[Taxes and service are added after the monthly consumption is calculated] 



/ 



We can express the previous table by the function/to calculate the monthly consumption of gas 
v in cubic meter where x e as: 





■ 40 x 


when 


0 


25 


/(*)= • 


100 x- 1500 


when 


25 < x ^ 


50 




150 x- 4000 


when 


x > 50 





It is a real piecewise defined function (defined by more than one rule) 

■ ♦ Learn 

The piecewise - defined function is a real function in which each subset of its domain has a different 
definition rule. 



Q Try to solve 

4 Check your answer using the previous function in co-operative learn, then calculate the 
value of the monthly consumption of gas for these quantities : 
a 15 cubic metres b 40 cubic metres c 54 cubic metres 



Graphing the piecewise - defined function: 

% Example 

3 - x when -2 ^ x < 2 
l v when 2 < x < 5 

Graph of the function /and from the graph deduce the domain and range. 



® if Ax) = 
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Unit one: Functions of a real variable and drawing curves 

^ Solution 

The function /is defined over two intervals and fix) is 
defined by two rules: 

The first rule: 

/ (x) = 3 -x when -2 ^ x < 2 (i.e. on interval [-2, 2[) 

It is a linear function represented by a line segment whose 
two ends are the points (-2,5) and (2,1) with open circle 
at point (2, 1) because 2 £ [-2, 2[ as shown in the opposite figure. 



/ 




The second rule: 

f 2 (x) = x when 2 < x < 5 (i.e. on interval [2, 5] ) 

It is a linear function represented by a line segment whose two ends are points (2, 2) and 



(5, 5). The domain of the function/= [-2, 2[ U [2, 5] = [-2, 5] 






From the graph, we deduce: 

The domain of the function/= [-2, 5] 

The range of the function /= ]1, 5] 

Q Try to solve 

( x - 1 when -2 ^ x < 0 

x + 1 when x ^ 0 

Graph the function/and from the graph, deduce the domain and the 
range of the function. 

6 For each of the following graphs, deduce the domain and the range 
of the function. 




In the graph 
representing the 
function, the domain 
of the function = [a , b] 
the range of the func- 
tion = [c , d] 
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Identifying the Domain of the Real Functions and Operations on them 

The domain of the function is determined from its graph or from its definition rule. 

% Example identifying Domains of the function 

5 Determine the domain of each real functions defined by the following 



rules: 
a /,« 

c f 3 (x) 

Solution 



x + 3 



n- 



b f 2 ix) 

d Ux) 



-J x - 3 

L_ 

V x 2 - 4 



The domain of 
polynomial function is 
the set of real numbers 
unless it is defined on a 
subset of it. 



a 



The function /j is not defined when the denominator = 0, so we put x 2 -9 
i.e. x = ±3 then the domain of the function /j isM,-{-3, 3}. 



0 



b The domain of the function/, is all the values of x 
which make the quantity under the square root is non - 
negative, i.e. the values of x which make x - 3 ^ 0. 

.’. jc-3^0 :.x^ 3 the domain of / 2 = [3, oo [. 



sign 

£- 



f 



c The domain of f 3 (x) = 1/x - 5 is IE because the index of the root is an odd number. 

d f 4 is defined when x 2 - 4 > 0 x 2 - 4 + _ 

then the domain of / 4 is ]-oo, -2[ U ]2 , °°[ = M, -[-2, 2] -2 2 



Notice: 

If/W = n /^r eZ + , n > 1 and g (x) is polynomial 

First: If n is an odd number, then the domain of the function /is IE . 

Second: If n is an even number, then the domain of the function/is the values of x which satisfy 

g« >9 



El Try to solve 

7 Determine the domain of each of the real functions defined by the following rules:- 
3 /|W = x^-3x + 2 b fl{x) = 

c / 3 (x)=^Ty d f ( x ) = -J = = 

4 y 9 - x 2 

Critical thinking: 

2 

If the domain of the function/ where fix) = is M. -{3}, find the value of k. 

x 2 - 6x + k 
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Operations on Functions 
If/j and f 2 are two functions whose domains are D, and D 2 respectively, then : 

1 (/| ±/ 2 ) 0) =/i to ±/ 2 to . the domain of (/, ±/ 2 ) is DjD D 2 



(/, . / 2 ) to =/i to- / 2 to 



3 (^-) to 

Ji 



.. /'ito 

/ 2 to 



, / 9 to # 0 



the domain of (/j. /,) is Djfl D-, 

the domain of (^-) is (Djfl D 9 ) - Z (/ 9 ) 

•^2 



where Z (/)) is the set of zeros of/ 2 



We notice that, for all previous cases, the domain of the new function equals the intersection of 
the two domains f\ and f 2 except the values which make / 2 (v) = 0 in the division operation. 



% 



Example 



6 If fix) = x 2 - 4x , g (x) = f x + 2 , z(x) = f 4- x, 

first: Find the rule and the domain for each of the following functions: 
a (f+g) b (g-z) 

c (f-z) d (j) 

second: Evaluate the numerical value (if possible) for each of the following : 
a (g-z)(l) b (f . z ) (5) c (j)( 3) 

^ Solution 

first: The domain of/= Dj = E , the domain of g = D 2 = [-2, o° [ 
and the domain of z = D 3 = ]-o° , 4] 



a (f+g)(x)=j{x) + g(x) 

= x 2 - 4x + f x + 2 

The domain of the function (f+g) is 
E n [-2,00 [ = [-2 ,00 [ 

b (g - z) (x) = g(x) - z (x) 

= f x + 2 - f 4 - x 

The domain of (g - z) (x) = [-2 ,oo [ D ]- oo, 4] = [-2, 4] 

c if .z)(x)=j{x).z(x) 

= (x 2 - 4x) f 4 -x 

The domain of if . z) = E (T ] -oo , 4] = ] -oo , 4] 
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Dn 



/ 



f(x) 



Ax 



D., 



The set of zeros of the function/is {0, 4} 

The domain of (— ) = ] -oo , 4] (T R - { 0, 4} = ] -o° , 4[- {0} 
cl 

Second : Numerical values: 

a v (g - z ) (x) = -Jx + 2 - 74 -x for all x £ [-2, 4] 

,ie[-2,4] .-.(g-zx i) = /y-/y = o 

b v if. z) (x) = (x 2 - Ax) M-x for all x £ ] -oo , 4] 



D 1 n °3 - Z(F)° 



, 5£ ]-oo, 4] 



if. z)( 5) not defined 



c v (_?_) (jc) = ^ 4 for all v £ ]-°° , 4[ - {0} 

/ a : 2 - Ax 

,3£]-qo, 4[-{0} (i-) (3) = IAjl = - 1 

L J v y 9-12 3 

Q Try to solve 

8 If/ and g are two real functions, where: 
fix) = x~ - A , g(x) = *lx - 1 find: 



a The domain for each of the functions: (f+g),(f-g), (— ) , (— ) 

g / 

b The numerical value for each (if possible): 

(f+ g) (5) , (f. g) (2) , ( l ) (3) , (1) (-2) 

g / 



»• Co-operative learn 



Composition of Functions 



A factory exports a part of its production. This parts is given by the relation//) = i x where x is 
the number of produced units in the first year, and the number of exported units in the next year 
is given by the relation gif) =/+ 1500 where x is the number of exported units in the first year 
search (with a classmate) how many units exported in the second year if the production of the 
factory in the first year is: 

a 20000 units b 80000 units 

Check your results using the following diagram: 




/ 
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If the range of the function /is a subset of the domain of the function g, then we can get a new 
function z composed of the two previous functions 



z = g°f 



it is read as g composed /or g after/ where the function /is applied first then the function g. 
thus z(x) = (g o f) (x) 

= g (fix)) 

from the previous diagram, we find : 



a z (20000 ) = g [/(20000)] 

= £(5000) 

= 5000 + 1500 = 6500 units 



b z (80000) = 



XSHO 

/( 20000 ) = | x 20000 



= 5000 



Think: Is the composition of functions a commutative operation? 

> to search for the answer, find (f o g ) (x) , (g of) (x) Where fix) = 4x 2 , g(x) = 2x 

Q Try to solve 

9 if/(x) =x 2 + 6, g(x) = 3x 
First: find (fog ) (3) 

Second: Determine the values of v which make (f ° g) (x) = 42 



m 



Exercises (1-1) 






Choose the right answer: 

1 The relation shown by the arrow diagrams and represents a function is 



X 



Y 



X 



Y 



X 



Y 



X 
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1-1 



2 The relation shown in the following graphs and doesnot represent a function is: 










Y 


i 














2 










X 1 






1 








X 




3 


2 


1 






! 


! 
























-2 

Y" 


> 










(a) (b) (c) (d) 



3 The relation shown by the set of the ordered pairs and doesnot represent a function is: 
a {(1,3), (3, 5), (5, 7), (7, 9)} b {(2, 3), (3, 4), (2, 1), (3, 5)} 

c {(0,3), (1,3), (2, 3), (3, 3)} d {(-3, 5), (-1, 5), (0, 5), (2, 5)} 



4 In all the following relations y is a function of x except: 
a y = 3x+ 1 b y = x 2 - 4 

c x = y 2 - 2 d y = s i n x 



Answer the following: 

5 Determine the domain of the function/ where f{x) = 



( x - 1 when 
-1 when 



2 <*<^4 

-2 <x <2 



then graph the function and deduce its range from the graph. 



6 Graph the function /where : 

( x +3 when x^ 2 

and from the graph, deduce its range. 

2x - 1 when x < 2 



7 tt'f(x) = 



2x + 3 when -2 ^ x < 0 
1 - x when 0 <: x < 4 



Graph the function /and deduce its range from the graph. 



8 If J{x) = 



( x 2 + 1 when -3 x < 0 
x + 2 when 0 ^ x < 3 



Graph the function /and deduce its range from the graph 



Student book - first term 



13 



PDF Compressor Pro 



Unit one: Functions of a real variable and drawing curves 



9 If fix) 



Find: 



■ -Ax + 3 


when x < 3 


- x 3 


when 3 ^ x ^ 8 


. 3x 2 + 1 


when x> $ 



/ 



a JV) b /( 3) c /(10) 

1 0 Mechanics: If the velocity v(t) of a motorcycle is given by 

( 8 t when 0 ^ t ^ 10 

80 when 10 < t < 200 

-4t + 880 when 200 < t ^ 220 

where t is time in second and v is in cm/sec. Find: 



a v(10) 



b v(150) 



c v(210) 



Trade: The function /, where: 



fix) = 



| v when 0 < v < 5000 

2x + 2500 when 5000 < v ^ 15000 

\x + 10000 when 15000 < x < 60000 



represents the amount of money charged by a company to distribute an electrical appliance in 
L.E where x represents the number of distributed appliances, find : 



a j{ 5000) 



b /( 10000) c /( 50000) 



© Geometry: If P is the perimeter of a square of a side length 
(P (/)) then find: 



Write P as a function of 



P (3) 



p ( f) 




Geometry If A is the area of a circle of radius length r . Write A as a function of r (A=/(r)), 
then find A(^) and A(5). 
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1-1 



14 Determine the domain for each of the real functions defined by the following rules: 
x + 3 h _ x + 1 



a Ax) 



5.x + 6 



b fix) 



X 3 + 1 



c fix) = 
e - 3x 



Ax) 



V 2x - 1 



d /(x) = v 4 -x 2 

f /« = 1 + - L X 

x x + 2 



15 If/ ! : R > R where //x) = 3x - 1 and / 2 : [ -2, 3] > ®, where /, (x) = 2 x + 4 

find : (/ +/ 2 ) (x) , (/j -/ 2 ) (x) and deduce the domain of each function. 

16 If/j(x) = x + 2 and the domain of /, = [-3, 4 ],/ 2 (x) =x 2 + 2x and the domain of / 2 = [-1, 3] , 

f f 

Find : (f x +/ 2 ) (x) , (/ 9 -/) (x) , (— ) (x) , 0-2) (x) and deduce the domain of each function. 

f 2 f\ 

1 7 If/(x) = 3x + 1 , g(x) = x 2 - 5 and h(x) = x 3 

Find: 



a (f° g) (2) 



b (g ° f) (-3) 



c (g.h)(l) 



(h °f) (-2) 



f 



18 If/(x) = I , g(x) = x + 3 



Find: (f og)(x) 



(go/) (x) and deduce the domain of each function. 



19 If fx) = x 2 - 3 , g(x) = V x - 2 

Find: (fog) (x) in the simplest form and determine its domain then find (fog ) (3) 

20 Creative thinking: 

If z (x) = f x 3 - 4 , find the two functions /and g such that z(x) = (/° g) (x). 
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We will learn 



► Symmetry of function 
curves. 

► Even functions 

► Odd functions 

► One-to- one functions 



The graph of the function/where y =f{x ) may be characterized by some 
geometrical properties that can be noticed easily from the graph. These 
properties can be used in studying the functions and their applications. 
The most common properties are the symmetry about y-axis or about 
the origin point. 

Introduction 

You have studied the symmetry about a straight line where the curve 
can be folded about this straight line completely. You have also studied 
the symmetry about the origin point . 




Key - term 



► Symmetry 

► Even function 

► Odd function 

► One - to - one function 

► Horizontal line 




Symmetry about y-axis 
figure (1) 
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Symmetry about origin point 

figure (2) 



Matrials 



► Scientific calculator 



► Computer programs for 
graph. 



In Figure (1): 

The point (-x , y) lying on the curve is the image of the point (x,y) lying 
on the curve by reflection in y-axis. 

In Figure (2): 

The point (- x , -y) lying on the graph of the curve is the image of the 
point (x, y) lying on the same curve by reflection in origin point. 



El Try to solve 

1 In the following figures, show which curve is symmetric about 
y-axis and which is symmetric about the origin point. 
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(A) 




Critical thinking: 

Are curves of all functions symmetric about y - axis or about the origin point only? Explain. 



Even functions and odd functions 

^ Learn 

The even function: the function /: X > Y is said to be even if/(- x) -fix ) , for all -x, x e X. 

The curve of the even function is symmetric about y-axis. 

The odd function: the function /: X > Y is said to be odd if f(-x) = - f (x) for all -x , x e X. 

The curve of the odd function is symmetric about the origin point. 



Notice : A lot of functions are neither even nor odd 

when we investigate whether the function is even or odd, the two elements x, -x must belong to 
the domain of the function. If this condition is not satisfied, then the function is neither even nor 
odd without getting /(-x) 



% 



Example 



1 Show the type for each of the following functions (even - odd ). 

a fix) = x 2 b f(x) = x 3 c f(x) = f x + 3 d fix) = cos x 

^ Solution 

a f{x) =x 2 , domain of /= M, 

for each x and -xel, then /(-x)= (-x) 2 = x 2 

i.e.:/(-x) =/(x) then /is even function 



b fix) = x 3 , domain of /= E 

for each x and -xel, then: /(-x) = (-x) 3 = - x 3 

i.e.:/(-x)= -fix) then / is odd function 

Important remark: 

The function / : E > E ,/(x) = ax n where a / 0 , n e Z + is called the power function. 

The function is even when n is an even number and it is odd when n is an odd number. 
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Unit one: Functions of a real variable and drawing curves 



/ 



c fix) = V v + 3 , the domain of/= [-3 ,o° [ 
notice 4 e [-3 ,oo [ while - 4 £ [-3 , o°[ 

then /is neither even nor odd sin (-*) = - sin x 

cos (-jc) = cos x 

d fix) = cos x, the domain of /= IR tan (-*) = - tan x 

for each x and -xel then : 
fi-x) =cos (-x) = COS X 

then : x) =J'(x) then /is an even function 




| Try to solve 



2 Determine the type for each of the following functions whether even , odd or otherwise. 



a fix ) = sin x 
d J{x) = x 2 cos x 
9 f{x) =x 3 + x 2 



b fix) = x 2 + cos x 
e fix) = z 3 sin x 
h fix) = sin x + cos x 



C fix) = x 3 - sin x 
f fix) = X 3 COS X 

i fix) = sin x cos x 



What did you deduce? 

important properties : 

If each of : f \ and f 2 is an even function and each of gjand g 9 is an odd function, then : 
1 ) f\ + f 2 is an even function 2 ) gj+ g 9 is an odd function 

3) / x / 2 is an even function 4) gj x g 9 is an even function 

5) /jX g 9 is an odd function 6) / + g 9 is neither odd nor even 

Using these properties, verify your answers in try to solve (2) 



% Example 

2 Each graph of the following graphs shows the curve of the functions / Determine which 
functions is even, odd or otherwise. Verify your answer algebrically. 
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1-2 



^ Solution 

a From the graph of the function fix) = x 3 + x, we notice that the domain of/'= IE: 
the curve of/is symmetric about the origin point, so the function is odd. 
v for all x , -x e M. .\/(-x) = (- x) 3 + (- x ) 

simplifying : f(-x) = - x 3 - x 

take off (-1) a common factor /(-x) = - (x 3 + x ) 

f(-x) = -f(x) •'•/is odd. 



/ 



b From the graph of the function /(x) = 2 - x z , we notice that the domain of/= [-2, 2] 
the curve of/is symmetric about y - axis, so the function is even . 
v for all , x , -x e [-2, 2] .\ f(-x) = 2 - (-x) 2 

simplifying /(-x) = 2 - x 2 

/(-x) =/(x) .'• /is even 



From the graph of fix) = x 2 - 4x , we notice that the domain of /= M, the curve is neither 
symmetric about y-axis nor about the origin point, so the function is neither even nor odd: 

v x , -x g M. /(-x) = (-x) 2 - 4 (-x) 

simplifying /(-x) =x 2 + 4x //(x) 
but -fix) =-x 2 + 4x 

then /(-x) /-/(x) 

i.e. the function is neither even nor odd. 



/is not even 
/is not odd 



El Try to solve 

3 Show the type for each of the functions represented by the following graphs (even - odd - 
otherwise) 
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% Example 

3/ The opposite figure shows the curve of the function /where: 



fix) = 



_L when x < 0 

x 

_L when x > 0 



x 

show that this function is an even function and verify that 
algebraically. 




Solution 

From the graph, the curve of the function is symmetric about y-axis, so the function is even. 
Algebraic verification: 

the domain of/= ]-o° , 0[U ] 0,o° [ 
replacing (-x) insted of (x) 
v for all x , -x e domain f .\/(-jc) = 



Simplifying j{-x) = 

exchange the two rules j{-x) = 

i.e./(-x) =f(x), so the function is even. 

| Try to solve 



x 



1 


when 


(-jc) < 0 


i-x) 






1 


when 


(-*) > 0 


i-x) 






when x 


>0 


when x 


<0 


when x 


<0 


when x 

c 


>0 




x + 2 


where 


x) = ■ 








- x -2 


where 



then show whether the function is even, odd or otherwise. Verify your answer algebraically. 



20 



Pure mathematics - Second form secondary - Scientific 



PDF Compressor Pro 



^ Some Properties of Functions \ - 2 ^ 

One - to - One Function (Injective Function) 

l^j the function /: X > Y is called one- to - one function if : 

ta for all a, beX , /(a) =/(b) then a = b 
orforalla/b then /(a) //(b) 




Example 



4 Each figure shows the curve of the function/: X 



■> Y. Prove that/is one - to - one function. 




a j{x) = v + 2 , the domain of/= M, 

for all a , b e IE then /(a) = a + 2 , /(b) = b + 2 

let /(a) =/( b) a + 2 = b + 2 

eleminate 2 from both sides a = b then /is one - to - one function 



b f(x) = 3 - y ~ 5 , the domain of/= M. - { 2} 

x -2 

then ./(a) = ,/(b) = ^5 

a - 2 b - 2 

3a -5 _ 3b -5 
a - 2 b - 2 



for all a , b e M, - {2} 

let/ (a) =/(b) 



By cross multiplying, we get 3ab-6a-5b + 10 = 3ab-6b-5a+10 
by eleminating and simplifying a = b /is one- to - one function 



■ ♦ Learn 



The horizontal line test 



The function / : X * Y is one - to - one function if the horizontal line ( parallel to x - axis) at 

each element of the range elements of the function intersects the curve of the function at one point. 



Q Try to solve 

5 In try to solve (3) page (19) show which figures represent one-to one function. 

6 Prove that / : X > Y is one-to - one function where: 

a f(x) = 2x-3 b g (x) = 3jc ' 5 

4x + 3 
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Unit o ne: Functions of a real variable and drawing curves j 

Example 

5 ) Show that the function/: X > Y where f (x) = x 2 is not one-to-one function. 

^ Solution 

/(2) = 4 ,/ (-2) = 4 / (-2) =/ (2) = 4 

v -2 # 2 then /is not one-to-one 
We see that the horizontal line at y = 4 corresponds two 
unequal values for the variable x which are -2 and 2. 

Q Try to solve 

7 Show that , the function/: X >Y is not one-to-one function. 

a fix) = x 2 - 1 g(x) = r 2 -5i46 

Critical thinking: Can the even function be one-to - one function? Explain. 





Exercises (1 - 2) 



Vff P exercises p - ^ 

1 Determine the symmetry for each of the following curves (symmetric about x-axis, y-axis or 
origin point). Explain. 





Figure (1) 



Figure (2) 



Figure (3) 



2 Find the range for each of the following functions and mention its type (even, odd or 



otherwise). 
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Figure (1) 




Figure (2) 




Figure (3) 
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Some Properties of Functions 



1-2 




Figure (4) Figure (5) 
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Figure (6) 



/ 



3 Investigate the type for each of the following functions (even - odd - otherwise). 
a fix)=x 4 + x 2 - 1 b /(x) = 3x-4x 3 



C f(x)=x 3 - -J- 



d fi x )=x 2 -3x 
g fix) = J x 2 + 6 



fix) 



x 3 + 2 



x - 3 



h fix) = 



_ XT 



1 + X 



f fix) = X COS X 
i /(x) = (x 2 + 1) 3 



© If f v f 2 and f 3 are three real functions where ffix) = x 5 ,/ 2 (x) = sin x, /fix) = 5x 2 , 
then determine which of the following functions is even, odd or otherwise. 



* /, +/ 2 b /, +/ 3 C /, x / 2 

5 If/and g are two real functions where fix) = (3 - x) 2 , g(v) = (3 + x) 



d h x / 2 



then determine which of the following functions is even, odd or otherwise. 



a /+ g 



b /- g 



c /.g 



d / 



6 Graph each of the following functions and from the graph, show whether the function is 
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Unit one: Functions of a real variable and drawing curves 



/ 



Use the following figures to answer the following: 




Figure (1) 




Figure (2) 
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Figure (3) 




Figure (4) 



First: Complete the curve in figures (1) and (3) in your notebook to get an even function 
over its domain. 

Second: Complete the curve in figures(2) and (4) in your notebook to get an odd function 
over its domain. 

Third: Determine the domain and range of the function in each case, then show which graph 
represents one-to-one function. 

8 In each of the following, determine whether the function is one-to-one or not. Give reason. 

a f(x) = 3x+l b /(*) = 2*+L c f[x)=x 3 + 1 

x - 2 

d f(x) = 2x 2 - x - 3 e fix) =x 4 + 2x 2 + l 



9 Industry : Said works in a factory producing energy-saving lamps. If his salary was 8 pounds 
for every working hour in addition to 0.3 pound for each lamp produced daily. 

a Find the rule of the function / which expresses said’s salary if he works for 7 hours daily . 
b Is the function /one-to- one ? Explain . 



1 0 Creative thinking : Represent graphically the cuive which satisfies each of the following condition: 
a Passes through the points (0 , -2) , (2 , 2) , (3 , 7) and represents an even function, 
b Passes through the points (0 , 0) , (-2 , 1) , (-3 , 5) and represents an odd function. 
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Think and discuss 



The opposite graph shows the 
temperatures recorded in Cairo 
on a day. Observe the change of 
temperatures according to time, 
then find from the graph: 
a The periods when the 
temperature decreases, 
b The periods when the 
temperature increases. 




time (t) 



c The periods when the temperature is constant. 

The curves help us know the behaviour of the function/and identify the 
intervals of increasing, intervals of decreasing or intervals of constant 
which is called monotony of the function. 



Learn 



Increasing function 

The function /is said to be increasing on the 
interval ]a , b[ 

for all Vj , x 2 e ]a , b [ 
when: x, >Xj 
then f(x 2 ) >/(x,) 
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Decreasing function 

The function /is said to be decreasing on the 

interval ]c , d[ 

for all Xj , x, e ] c ,d [ 

when: x 2 > Xj 

then /(x 2 ) </(Xj) 
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Constant function 

the function / is said to be constant on the 

interval: ] / , m[ 

if : Xj , x 2 e\ i , m[ 

where x 2 > x, 

then/ (x 2 ) =/(Xj) 
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Unit one 

1 -3 



We will learn 



► Monotony of functions. 

► Using graphing 
programs (GeoGebra) 
to graph the function 
curve. 




Key - term 



► Monotony 

► Increasing function 

► Decreasing function 

► Constant function 



Matrials 

► Scientific calculator 

► Graphic programs 
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Unit one: Functions of a real variable and drawing curves 

Example 

1 Discuss the monotony of the function represented by the 
opposite figure. 

^ Solution 

> the function is decreasing on the interval ]-o°, 0[ 

> the function is increasing on the interval ]0, 2[ 

> the function is constant on the interval ]2,o° [ 

13 Try to solve 

1 In the opposite graph: Discuss the monotony of the function. 

Example 

2 ) Each of the following figures shows the graph of a function 

/: X * Y where Y =f(x). Deduce the domain , range and the monotony of the function. 
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^ Solution 

a The domain of/= M = ] - 00 ,°° [ , range of /= ] -°° ,°° [ the function increases on ]-oo , oo[ 

b The domain of /= ] -o° , 2] U] 2,o° [ = ] - 00 ,°° [, range of/= IE 
the function increases on ]-o°, 2[ , and also increases on ] 2 ,o° [ 

c The domain of/= ] -o° , 1[U ] 2 ° ° [ , range of/= ] - 4[ 

the function is constant on ] -o° , 1 [ , and decreases on ] 2 ,o° [ 
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Monotony of Functions 



1-3 



Q Try to solve 

2 In each of the following graphs, deduce the domain , range and monotony of the function: 





/ 



Critical thinking: Which of the previous figures represents one-to-one function? 
explain your answer. 



Using the graphing programs to study the properties of functions 

(there are a lot of graphical programs to represent the functions. The most famous is free GeoGebra 
for tablet or computer) 



QU Activity 



Use the GeoGebra program in graphing the geometric 
transformation for functions. 



Use GeoGebra to represnt graphically the 
function /where f(x) = x 3 - 3x + 2 , then find: 

a The domain and the range of the function/. 

b Discuss the monotony and the type (even - 
odd - otherwise): 



1 - Open algebraic window , graphing ( GeoGebra ) 



then press Graphics choose 
reach the shown window in Fig (1). 



to 




2 - In the algebraic window, write the rule of 
function f(x) = x 3 - 3x + 2 in the input bar 
as follows: 

-► start CD CD CD CD CD CD CD CD 

press the curve of the function appears in 
graphical window and the rule of the function in 
algebraic window as shown in Fig (2) 
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Unit one: Functions of a real variable and drawing curves 






> Algebra 

- Function 

V f(x) = *> 

- Point 

J A -(1.4) 

J B - (1.0) 



Fig (3) 



3 -To determine points on the curve of the 

function, choose A from the tool bar 

o 

v 

and a new point from the menu. Move the 
pointer until it reaches the point determined 
on the curve. Press left click on the mouse 
so the point will appear on the curve in the 
graphical window and the coordinate of the 
point appears in the algebraic window as 
shown in Fig (3). 

From the graph: 

The domain of/= ] - o°,o° [ , the range of/= ] - oo, oo[ 

The function is increasing on ]- o° , -1[ , decreasing on 
]-l , 1[ , increasing on ]1 

1 

The function is neither even nor odd. 

Note: 

The point (0, 2) is the point of symmetry of the curve and the 
function is not one to one. 

Drill on the activity 

Use Geogebra to draw f:f(x) = 3 x - v 3 and from the graph check 
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the monotony of the function and its type even , odd or otherwise . 



QL 



Exercises (1 - 3) 






1 The following graphs represent the graph of some functions, deduce the range and discuss 
the monotony from the graph: 
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Figure (1) 





Figure (3) 




Figure (4) 
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x. 



Monotony of Functions 



1-3 



2 Using the following graphs, deduce the domain , range and the monotony of each function. 
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©if /:[- 2, 6] 

( 4 - x when x < 1 

x when 1 < x < 6 

a Graph of the function/and from the graph, deduce the range of the function and its monotony. 



/ 



b Is the function one -to one . Explain . 

4 Creative thinking 

Can the function which is increasing or decreasing continuously on its domain be one - to - one? 
Explain. 

5 Using a graphing program . draw the curve of the function /in each of the following, then 
deduce the range, the monotony and its type ( even ,odd or otherwise ). 

a A*) = x 2 - 5 b / (x) = 4 - x 2 c /(x) = (x-l) 2 +l 

d f(x) = x 3 e /(x) = x 3 - 3x f /(x) 

X - 2 
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Unit One 



1 - 4 







We will learn 



► The polymial func- 
tions (liner - quadratic 
- cubic). 

► Modulus function (abso- 
lute value) 

► Rational function 

► Using the geometric 
transformation of the 
function to graph the 
curves, 

y =/(x) + a 
y =/(x + a) 
y = fix + a) + b 

y = -M 

y = a/(x) 
y = a fix +b) + c 

► Transformation of 
some trigonometric 
functions. 



Key - term 



► Transformation 

► Translation 

► Reflection 

► Vertical 

► Horizontal 



The Polynomial functions 

You have studied the polynomial function whose rule is in the form: 
fix) = a Q + a jjc + a 7 x 2 + a 3 x 3 + + a„ x n 

where: a 0 , aj , a 2 , a 3 , , a n el, a n / 0 , n e N 

and you knew that the domain and the co-domain are the set of the 
real numbers R (or a subset of it). As a result, these functions are 
called polynomial functions of n degree (n is the highest power of the 
independent variable x). 

Notice : 

1 - If fix) = a (| , a (| / 0 then /is called a constant polynomial function. 

2 - Polynomial functions of the first degree are called linear functions, 
second degree are called quadratic functions and the third degree 
are called Cubic functions. 

3 - Adding or subtracting different power functions and constant, we 
get a polynomial function. 

4 - Zeros of the polynomial function are the x -coordinates of the point (s) 
of intersection of the curve with x -axis. 

5 - Two polynomial functions / and g are equal if they have the same 
degree and the coefficients of corresponding power of x are equal. 



% Example 

© If/ and g are two polynomial functions where /(x) = (a x + 5) 2 
g(x) = 9x 2 + 30 x + c - 4 , and if fix) = g(x), find a , c. 



► Asymptotes 



Matrials 



► Scientific calculator 

► Graph program 



Solution. 

fix) = (a x + 5) 2 = a 2 x 2 + 10a x + 25 

v fix) = g(x) then corresponding coefficients of x are equal 
Comparing the coefficients of x 10a = 30 a = 3 
Comparing the absolute term: c - 4 = 25 then c = 29 

13 Try to solve 

1 Iffix) = (a + 2 b) x 3 - c x + 4 , g(x) = 7x 3 + 5x + ( a - b) 
find the values of a, b and c which make, fix) = g(x) 
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Graphical representation of functions and geometrical transformations 

\ 

Graphing the curves of functions 



1-4 
/ 



Polynomial Functions 



Learn 

The following is a graphical representation of some polynomial functions: 



1) f(x)=x 

the function / joins the number by itself and is represented 
graphically by straight line passing with origin point (0, 0), 
and its slope = 1 

(check : its range = M. ,/ is odd and/is increasing on R ) 




2 ) f(x) = x 2 

the function/joins the number by its square and is represented 
graphically by an upward open curve and symmetrical about 
y-axis , and its vertex is (0, 0) 

(check: its range = IR,/is even , and/is decreasing on ]-o° , 0[, 
and increasing on ]0,o° [) 

3) f(x) = V 3 

the function /joins the number by its cubic and is represented 
graphically by a curve its point of symmetry is (0, 0) 

( check : its range = B, ,/is odd and increasing on 1) 



% Example 

2 Graph the function /where: 

. .. when x < 2 

JU) 





when 



x>2 



^ Solution 

1 ) when x <2 , f(x) = x 2 

we graph fix) = x 2 for each x e ]-°° , 2[ 

with putting an open circle at point (2, 4) as in Fig (1) 
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I 



2) when x> 2 j{x ) = 4 

we graph the constant function /(x) = 4 for each 
x e ]2 , oo [ on the same diagram fig (2) 

Notice that the domain of/= IE - {2} , the range of 
/= [0 , °o[ 

El Try to solve 

2 Graph the function / where: 




Fig (2) 



fix) = 



x 2 when x < 0 

then , deduce the range of the function and its monotony. 

x when x ^ 0 



Learn 



The Absolute Value Function 



the simplest form for absolute value function is fix) = lxl,x e IE 
and it is defined as follows : 

x when x ^ 0 

fix) = \ 

[ -x when x < 0 

Notice: I - 31 = 131 = 3 , 101 = 0, ^ ” = 2 

i.e: Ixl ^ 0 , l-x I = Ixl , ^ = Ixl 

The function/is represented graphically by two rays starting from point (0, 0) the slope of one of 
them = 1 and the slope of the other = -1 

(check : its range = [0 , o°[ ,/is even ,/is increasing on ]0, oo [ and/is decreasing on ]-oo, 0 [ ) 




© 



Learn 



The Rational Function 



the simplest form for the rational function is: 

fix) = — , x e IE - {0} 
x 

the function / joins the number by its multiplicative 
inverse and is represented graphically by a curve whose 
point of symmetry is (0 , 0). It consists of two parts one 
of them lies on the first quadrant and the other lies on 
the third quadrant. Each part approaching to the two axes 
doesnot intersect them ( x = 0 , y = 0 asymptotical line) 
(check : its range = IE -{0}, / is odd and is decreasing on, ] 
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-oo, 0[ , and is decreasing on ]0,oo [) 



Q Try to solve 

3 Graph the function / where /(x) = 



Ixl 

1 



when x<0 
when x> 0 



X 

from the graph, find the range of the function and check its monotony. 
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1-4 



I 



Geometrical transformations of the curves of the functions 



First: Vertical Translation of the function's curve 



v *' Co-operative learn 

Work with a classmate 

1 ) Graph the function / : fix) = x 2 
use the program geogebra 

2) Put the pointer on the vertex of the curve and 
drag the curve vertically upwards one unit . 
Notice the change of the function base to 
express a new function whose base is 
f(x) = x 2 + 1 as in Fig (1). 



i in GeoGebra 




3) Drag the vertex of the curve to point (0, 2) and 
(0, 3) then write down your notice each time. 

4) Drag the curve of f(x) -x 2 vertically downwards 
2 units. Notice the change of the function base 
to express a new function whose base is 

fix) = x 2 - 2 as in Fig (2) 

Think : show how /fr) = x 2 - 5 can be graphed using 
the curve of function//) = x 2 l 

we can deduce that: 

I ifix) = x 2 , g(v) = x 2 + 1 and h(x) = x 2 - 2, then: 

1 ) The curve of g(pc) is the same curve of fix) by 
translation a unit in the positive direction of 
y -axis 

2) The curve of h{x) is the same curve of fix) by 
translation 2 units in the negative direction of 
y -axis 




Critical thinking : using the curve of function f(x) = x 3 , show how the curves of each can be 
graphed: 



a g(x) =x 3 + 4 



b h(x) = x 3 - 5 



■ ♦ Learn 



Graphing the curve y = f(x) + a 



For any function/; the curve of y = fix) + a is the same curve of y = fix) by translation of a 
magnitude of a units in the direction of O Y when a > 0 and in the direction of O Y' when a < 0 
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/ 



Example 

3 The opposite figure shows the curves of functions/, g and h. 
where each of g and h are the image of the function by 
a vertical translation. Write the rule of the functions of g 
and h where /( jc) = bcl 

^ Solution 

v the curve of the function g is the same curve of the 
function /by translation of a magnitude of 3 units in the 
direction of O Y' 
then g(x) =f(x) - 3 

'.‘fix) = bcl then g(jc) = bcl - 3 

v the curve of the function h is the same curve of the function/by translation of a magnitude 
of 2 units in the direction of O Y , then h(x) = f(x) + 2 
’. m f(x) = Lrl then h(jc) = Id + 2 





Q Try to solve 

4 The given figures show the curves of the functions/, g and h where g and h are the images 
of the function/by a vertical translation. Write the rule for each of g and h in each figure. 
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Second Horizontal Translation of the function curve 





^ *• Co-operative learn 



Work with a classmate : 



1) Graph the function / : fix) = Ivl using 
geogebra by writing the rule of the function 
in the input box as follows: abs(Y), then 
press enter. The curve of the function will 
appear in the graphical window and its rule 
f(x) = bcl will appear in the algebraic window 
as in F>g (1) 
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2 ) Drag the curve of the function horizontally in 
the positive direction of x -axis for a number 
of units. Notice the change of the function 
base in the algebraic window 

as in Fig (2) 




/ 



3 ) Drag the curve of the function horizontally in 
the negative direction of x -axis for a number 
of units. Fig (3) What do you notice? 

Think : Show how the two curves of the functions 
g and h can be graphed using the curve of 
the function /where fix) = \x\, 
g(x) =l.r - 51 and h(x) = Lr + 41. 




Learn 

Graph the curve of y =/(x + a) 

For any function/; the curve of y =f(x + a) is the same curve of f(x) by translation of a magnitude 
of a units in the direction of OX when a < 0 and in the direction of O X' when a > 0 

Notice : In the opposite figure : fix) =UI: 

1 ) The curve of the function g is the same 
curve of the function /by translation of 
a magnitude of 3 units in the direction of 
ox". 

.'. gOc) = Lr - 31 and the starting point of 
the two rays is (3, 0) 

2 ) The curve of the function h is the same curve of the function /by translation of a magnitude 
of 2 units in the direction of O X' 

.•. h(x) = \x + 21 and the starting point of the two rays is ( -2 , 0) 




% Example 

4 Use the curve of the function/ where /(v) = x 2 to represent each of the two functions g and h 
where : 

a g(v) = (x - 2) 2 b h(v) = (x+3) 2 
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/ 



^ Solution 
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> the curve of g(v) = (x - 2) 2 is 
the same curve of fix) = x 2 
by translation 2 units in the 
positive direction of x -axis 
and the curve vertex point is 
( 2 , 0 ). 




> the curve of h(x) = (x + 3) 2 is 
the same curve of fix) = x 2 by 
translation 3 units in the negative 
direction of x -axis and the curve 
vertex point is (-3 , 0). 



Q Try to solve 

5 Use the curve of the function J{x) = x 2 to represent each of the two functions g and h where: 

a g(x) = (x + 4) 2 b h(x) = (x - 3) 2 

6 Write the rule of the function /represented by each of the following graphs : 

c 






Critical thinking : If fix) = x 2 , show how the curve of the function g where g(x) = (x - 3) 2 + 2 
can be graphed. 



Graphing the curve of y = fix + a ) + b 

From the previous we deduce that: the curve of y = fix + a) + b is the same curve of 
y =j{x) by a horizontal translation of a magnitude of a units. 

( in the direction of O X when a < 0 , in the direction of O X' when a > 0) , then with a 
vertical translation of a magnitude of b units ( in the direction of O Y when b > 0 and in 
the direction of O Y' when b < 0) 
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Q Try to solve 

7 Use the curve of function /where J{x) = x 2 to represent each of the two functions g and h 
where : 



a g(x) = (x + 2) 2 - 4 b h(jc) = (3 - x) 2 - 1 



<b Example 

5 Draw the curve of the function g where g(x) 

A “ 

range of the function, and discuss its , monotony: 



1 



^ Solution 

the curve of the function g is the same curve of 

the function / where f(x) = — by translation of 

x ► 

a magnitude of one unit in the direction of O X 



( a = -1 < 0) , then by translation of a magnitude 
of 3 units in the direction of O Y and the point of 
symmetry for the curve of the function g is the point 



+ 3 and from the graph, determine the 




(1,3), Range of g = IE. - {3} and the monotony of the function g: 
g is decreasing on ] - o°, 1 [ , and is also decreasing on ] 1 , o° [ 



Critical thinking : Can it be said that f(x) = 



+ 3 



is decreasing on its domain? Explain. 



Q Try to solve 

8 Use the curve of the function/ where j{x) = — , x / 0 to represent each of: 

JC 

a g ( x ) = _L_ + 1 b h(x) = 

x + 2 x-2 

9 Write the rule of the function /represented graphically by each of the following graphs : 
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Unit One: Functions of a real variable and drawing curves 



f 



ftM 1 

\ &J Activity Using the grap hical calculator to graph functions 

To use the graphic calculator to graph the curve of the function / where 
fix) = x 2 + 4x + 1, follow the next steps : 



1 ) Turn calculator on and press MENU then move the indicator to 
choose graph , then press EXE which is the entering button 
to get the typing window. 




©©©©© 




Q[1Q@(ED(5S) 



2) In typing window, write y , using the button j ,0,X to 
type the variable x , so press the following buttons : 

-►Start uftxfflQGD Fftx 0® 



3) To graph the function start EXE ‘ EXE 
the graphical window appears as shows in figure. 



4 ) Use the button 
the function. 



- • in the graphical window to study 



Notice: 

fix) = x~ + 4 V + I by completing the square 
= ix 2 + 4x + 4) - 3 
= ix + 2) 2 - 3 

i.e the curve of the (given) function / is same curve 
of the function g where g(x) = x 2 by translation of a 
magnitude of 2 units in the direction of q yf< then 
3 units in the direction of q y’ as shown in graph 
opposite. 
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Graphical representation of functions and geometrical transformations 



X 



1-4 



I 



Application: use the graphical calculator to graph the curve of the function/ 



where fix) 



-+ 4 from the graph, determine the range and monotony. 



Third: Reflection of function's curve in x-axis 

The given figures show the reflection of the curves of some standard functions in x-axis. 




What do you notice? What do you deduce? 



Learn 

Graphing the curve of y = -fix) 

For any function/, the curve y = - fix) is the same curve of y =fix) by reflection in x - axis. 



Example using geometrical transformation in graphing the curve of the 
functions 

6 ) Use the curves of the standard functions to graph the curves of the functions g , h and z where: 
a g(x) = -{x - 3) 2 b h(jc) = 4-Lc + 3l 

C z(x) = 2 - — !— 
x - 3 

^ Solution 

a The curve of g(x) is the same curve of fix) = x 2 by reflection 
in x - axis, then horizontal translation of a magnitude of 
3 units in the direction O X . The curve vertex point is 
(3, 0) and the curve is open downwards. 
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b The curve of h(x) is the same curve of fix) = Lxl by 
reflection in x - axis, then horizontal translation of a 
magnitude of 3 units in the direction of O X' followed 
by vertical translation of a magnitude of 4 units in the 




direction of O Y and the starting point of the two rays is 
(-3, 4) and the curve is open downwards . 
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Unit One: Functions of a real variable and drawing curves 



c The curve of z(x) is the same curve of fix) = — by 
reflection in x-axis followed by horizontal translation of 
a magnitude of 3 units in the direction of a magnitude of 
OY then vertical translation of a magnitude of 2 units in 
the direction OY , and the point of symmetry is (3,2). 

H Try to solve 



/ 




1 0 Graph the function g in each of the following where: 



a g(x) = 3-(x+l) 2 



b g(x) = -(x- 3) 3 



C g(x) = 3-l.r-5l 



then check your answer using a graphing program or the graphic calculator. 

Example us j n g the geometrical transformation in graphing the curves of 
the functions 

7 Usethesuitabletransformationtographthecurvesofthetwofunctionsgandhwhereg(Y)=4-;rand 
h(x) = 14 - jrl 

^ Solution 

First: graph the curve of the function g 
the curve of the function g is the same curve of the function/ 
fix) = x 2 by reflection in x - axis, then vertical translation of 
a magnitude of 4 units in the direction of O Y illustrated in 
fig (1) 



Second: graph the curve of the function h 
h(x) = I 4 - x 2 l then h (x) = lg(Y)l 
Then y coordinate is positive for all the points of the curve of 
function where y = lg(Y)l 

g(Y) when g(x) ^ 0 

- g(Y) when g (x) < 0 

i.e the curve of functions h lies in 1 st and 2 nd quadrants, 
which means reflection for the curve of the function g for all 
g(Y) <0 in x-axis 
as shown in fig (2). 





Fig (D 
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Graphical representation of functions and geometrical transformations X - 4 



Q Try to solve 

1 1 The following figures show the curves of the functions /, g and h. Write the rule of the 
function in each figure: 
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Fourth: stretching of the function curve 



m Co-operative learn 

Graph the curve of g(x) = a/(x) 
work with a classmate. 

1 ) Graph the curve of /: fix) = x 1 using Geogebra 

and in the input box, write the rule of function g as 
follows: 

— ► start o h OnC^lC^l 




2 ) 



A new window will appear (Fig 1) 
choose Create sliders 

Use the indicator of a to choose other values of 
a where 1 < a 

Notice the motion of the curve with respect to the curve 

of the function/for each 

x e M, as in Fig (2) and when 1 > a 

as in Fig (3). What do you notice? What do you deduce? 




■ ♦ Learn 

Graph the curve of y = a f(x) 

for any function /; the curve of the function y = a f(x) is 
a vertical stretch for the curve of y =f(x), if a > 1 and a 
vertical shrinking for the curve of y =/(x) if a < 1 
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f 



Graphing the curve of the function g(x) = a/(x + b) + c 

% Example us j n g the geometrical transformations in graphing the curves 
of the functions 

8 Use the curve of the function /where /(x) = Ixl to represent each of the two functions g and h: 
a g(x) = 21 x I b h(x) = 2 I x - 7 I + 2 

Solution 

a the curve of g(x) is a vertically stretch of the curve of the function /(x) whose coefficient = 2 > 0. 
then for each (x , y) e f 



then (x , 2 y) e g 

b the curve h(x) is the same curve of 
g(x) by a horizontal translation of a 
magnitude of 7 units in the direction 
of O X , then vertically translation of 
a magnitude of 2 units in the direction 
of ~OY 
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U Try to solve 

1 2 Use the curve of function/ where f(x) = x 2 to represent the two functions g and h : 
a g(x) = -±x 2 b h(x) = 2-±(x-5) 2 

Check your answer using a graphing program or the graphic calculator, then determine the 
range of h and its monotony. 



08J Activity 

Applying the geometric transformations , which you have learned in the previous 
algebraic functions on the sine and cosine functions 

Trigonometric functions the curve of the sine function 

First: Translation on X - axis 

1 ) Use the program ( GeoGebra ) and set the program so that the x-axis scale is in radian by 
pressing the mouse (right click) and choose the choice in the last line; then choose x-axis 
and choose the staging system (x-axis) (71). 

2 ) At the bottom of the program (input), type the command : sin (x) then click (enter) to get the 
red curve of the function. You can control the color and thickness of the curve by pressing 
the mouse (left-click) and press (object properties), the shown window shows the color, 
thickness, and ... 

3 ) By the same way, type the command : sin (x + 2L), then click (enter) and color the curve in 

3 

a different color. 
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you notice? 

From the graph, we deduce: 

The curve of the sine function is translated 
horizontally to the left by a magnitude of - 
units as in the real functions. We notice that the 
range of the 2 nd function is is the same range of the function sin x , also we notice 

that the function sin ( x + -y) is neither even nor odd because its curve is not symmetric 
about the origin point or y-axis. 




Think: 

> What do you expect to be the direction of the X-translation if the rule of the second function 

is : sin (x - nfft 
3 

Second: Translation on Y -axis 

1) Graph the curve of the function / where 
fix) = sin x as above. 

2 ) Graph the curve of the function g where 
g(x) = sin x + 2 in different color. Compare 
between the two curves. What do you notice? 

From the graph, we deduce: 

The curve of 2 nd function is the same curve of the 
functions y = sin x after translated a magnitude 
of two units upwards also the range of 2 nd function is [1 , 3 ] because it was translated by 
a magnitude of two units in the direction of y-axis from the first function and the function 
y = sin x + 2 is neither even nor odd. 




Critical thinking: 

In each of the following figures: 

Describe the geometric transformation of the curve of the function /which graphs the curve of 
the function g then write the rule of function g, its range and its monotony. 




b 




c 
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Unit One: Functions of a real variable and drawing curves 

JUn JkN 

Exercises (1 - 4) Kfty 



1 Determine the values of a , b and c which make /(x) = g(x) where 

fix ) = (a + b) x 3 + 3x - 2 , g(x) = 5x 3 + ( a + c) x + b 

2 Graph the curve of the function /, then determine its range and check its monotony from the graph. 



f Ld 


when x < 0 


f 4 


when 


x < -2 


a /«= , 




b fix) = 








when x > 0 


l X 2 


when 


-2 


f x 3 


when x < 1 


1 1 


when 


x < 0 


o 

>+5 

ii 




d fix)= | x 






L 1 


when x > 1 


l bcl 


when 


x > 0 



Choose the correct answer from thoes given: 

3 The curve of g(x) = x 2 + 4 is the same curve of fix) = x 2 by translation of magnitude 4 units 
in the direction of: 

a OX b OX c OY d OF 



4 The curve of g(x) = \x + 31 is the same curve of fix) = Ixl by translation of magnitude 3 units 
in the direction of: 

a OX b OX 1 c OY d OY 

5 The curve vertex point of fix) = (2 - x) 1 + 3 is: 

a (2,3) b (2,-3) c (-2,3) d (-2,-3) 



6 point of symmetry of the function/ where fix) = — 1 — + 4 is: 

x - 3 



a (3,-4) 



b (-3,-4) 



c (3,4) 



(-3,4) 



7 The curve of the function / where fix) = x 2 is 
graphed , then translated in the directions of the 
coordinate axes x, y as in the opposite figure. 

Write the rule for each of the following 
functions: 

> g, h and z 
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8 The curve of the function / where fix) = x 3 is 
graphed, then translated in the directions of the 
coordinate axes x , y as in the opposite figure 

Write the rule for each of the following 
functions: 

> g, h, z . 




/ 



9 The curve off where J{x) = \x\ 

is graphed then translated in the direction 
coordinate axes x , y as in apposite figure. 

Write the rule for each of the following 
functions: 

> g , h , z 




1 0 The curve of the function/ where //) = — is graphed, then translated in the directions of the 

.x 

Coordinate axes x, y. Write the rule of each of the following functions: 






d 













, 


' Y 














3 
















nr 






X' 














X 




5 - 




i - 


i - 


o 




1 












-i 
















-i 
















-3 

1 


,Y' 






f 





- 


' Y 




\ 










3 






\ 










4 
































1 














X' 


1 


O 










X 








1 


2 


3 


i : 






-1 


- V 
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f 



1 1 Use the curve of the function/where fix ) = x 2 to represent each of the following graphically. 

a ffix) = x 2 - 4 b f 2 ( x )=x 2 + l c / 3 (x) = (x + l) 2 

d Ux) = (X- 3) 2 e f 5 (x) = (x-l) 2 -2 f f 6 (x) fix + |) 2 - \ 

1 2 Use the curve of the function/ where /(x) = Lxl to represent each of the following graphically: 

a / (x) = l.d + 1 b f fix) = l.d - 3 c ffi x ) = Lx + 21 

d ffix) = 15 - x\ e f 5 ( x ) = \x + 21 + 1 f ffix) = lx - 31 - 2 

> Find the coordinates of intersection points of the curves with the two axes. 

1 3 Use the curve of the function/ where /(x) = x 3 to represent each of the following graphically: 

a ffix) =fix) - 3 b ffix) =fi x ) + 1 c ffix) =f(x - 2) 

d U.x) =f(x + 3) e ffix) = f(x - 2) - 1 f ffix) =fix + 3) + 2 

> Determine the point of symmetry for each function. 



1 4 If the function /where fix) = — , graph the function h and determine the point of symmetry 

x 

of the function curve: 

a h(x) = fix +1) b h(x) - fix - 3) c fix) = fix) + 2 

d fix) = fix) -4 e fix) = fix + 2) -5 f fix) = fix- 2) + 2 

1 5 Use the curve of the function / where/U) = x 2 to represent graphically: 

a ffix) = 4-x 2 b ffix) = -(x-3) 2 c ffi x ) = 2- (x +3) 2 

1 6 Use the curve of the function / where fix) =l.xl to represent each of the following graphically. 

a ffix) - 2- Lxl b ffix) - -1.x +51 c ffix) - 4 - 1.x -21 

d ffix) = 2 Lxl e f fi x) = _ 2 |.x -II f ffix) = 5-2 Lx +21 

1 7 Graph the curve of the function/ in each of the following using the suitable transformations, 
then check its monotony. 

x 2 + 2 when x > 0 b f ( x ) = \ x 2 + l when - 4 < x < 0 

-x 2 - 2 when x < 0 L - x 2 - 1 when 0 < x < 4 

d f t w=- 21 



a /,« 



c ffix) = x Lxl - 1 



x + 1 



18 If the function /where fix) = — , graph the function / in the following cases: 

x 

a /(x) = fix) I b [(x) = 2 + \fix)\ o l(x) = fix - 2)1 

19 Graph the curve of the function /, then determine its range if: 

a fi x ) = Vx 2 -8x+16 b /(x) =lx 2 -2x -31, x e[-l, 4] 
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20 Trade: A grains merchant pays 50 L.E for each ton getting in or out of his warehouse for 
loading or unloading the goods, write down the function representing the cost of loading or 
unloading, then represent it graphically. 

21 Mechanics: A body covered (d) meters in 3 minutes in a uniform velocity 30 m/min. Show 
that the velocity (v) varies inversely over the time (t) for covering this distance. Write the 
function which represents the velocity and time then represent it graphically. Find the time 
taken to cover this distance if the body travels in a velocity of 45 m/min. 

22 Urban communities : rectangle-like pieces of land are specialized for youth housing in a 
new urban community. If the length of each is x meter and the area is 400 m 2 . 

a Show that the length of the piece of land is inversely proportional to its width. 

b Write down the rule of the function/which shows the width of the piece of land in terms 
of its length, then represent it graphically. 

c From the graph, find the width of the piece of land whose length is 25 meters, then check 
that algebraically. 



/ 



Creative thinking: 

23 If x x , x 1 are zeros of function /: fix) = (x - a) 2 -8 where < x, and if x 3 , x 4 are zeros of 

g(x) = 5 - ( x - a) 2 where x 3 < x 4 , a el which of the following is a right statement: 

a x 1 < x 2 < x 3 < x 4 b < v 3 < x 4 < x 2 

C x 3 < Vj< x, < x 4 d x 3 < Xj< x 4 < x, 

f(x) f 

24 Industry : An iron gate whose two sides are 3 meters high 
and its arc is in the form of a part of the curve of the function 
f'.fix) = a ( x -2) 2 + 4 has been designed as shown in the opposite 
figure, find: 

a Value of a b Maximal height of the gate 

c Width of the gate 

25 Geometry : if you know that the area of the figure included between the curve of a quadratic 
function and a horizontal line segment joining between any two points 

9 

lying on it is calculated by the relation A = - F Z 

a Find the area of the figure included between x- axis and the curve of 
the quadratic function/: /(x) = x 2 - 6x + 5 in square units. 

b On the same lattice, graph the curves of two functions /and g where g(x) = lx - 31 -2 then 
find the area of the part included between them in square units. 
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Unit one 

1 -5 




First: Solving equations 



We wiH l?siro 



► Solve the modulus 
equations graphically. 

► Solve the modulus 
equations algebraically. 

► Solve the modulus in- 
equalities graphically. 

► Solve the modulus in 
equalities algebraically. 

► Model problems and life 
applications to solve us- 
ing the modulus equa- 
tions and equalities. 




Key - term 



► Equation 

► Inequality 

► Graphical Solution 



Think and discuss 

In one figure, represent the two curves of the two functions / and g 

where/is a modulus function and g is a linear function graphically. 

Notice the graph , then answer: 

a How many probable intersecting points are there for the two 
curves of the two functions together ? 
b Do the ordered pairs satisfy the rule of each function of both 
functions if the intersecting points of the two curves are found 
together? 

Notice : 

1 ) At the intersecting points (if found) , fix) = g(v) , and vice versa for 
each x belong to the common domain of both functions. 

2 ) For any two functions / and g, the solution set of the equation 
f{x) = g(x) is the set of x-coordinates of the intersecting points of 
their two curves as shown in the following figures: 




Solution set = {a} 




Solution set = (p 



J Matrials 

► Graphic calculator. 

► Graph paper. 

► Graphic programs. 




Solution set = [a,°c[ 




Solution set = {a, b} 



Solve the equation : I a x - bl = c 

% Example 

1 Solve the equation: l.\ - 31 = 5 graphically and algebraically. 
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s 



1-5 



^ Solution 

Let f(x) = Lx - 31 , g(x) = 5 

1 ) Graph curve of the function / : fix) = Lx -31 
by translating the curve of fix) = I .x I 3 units 
in the direction of OX 

2 ) On the same figure, graph g{x) = 5 where 
g is constant function represented by line 
parallel to x axis and passing through point 
(0,5) 




V the two curves intersect at two points ( -2, 5) and (8, 5) 
then the solution set of the equation = {-2,8} 



Algebraic solution: 

From the definition of the modulus function: fix) = 



x - 3 when x ^ 3 
- x + 3 when x< 3 



when x>3 : x-3 = 5 then: x = 8 e [3 , <x>[ 
when x < 3 : - x + 3 = 5 then: x = -2 e ] - oo , 3[ 

then the solution set is : { - 2 , 8} . This is coincident with the graphical solution. 

Q Try to solve 

1 Solve each of the following equations graphically and algebraically. 

a Lxl - 4 = 0 b |.xl + 1=0 c | .x - 7 I = 5 

Properties of the Absolute Value 

■ ♦ Learn 

1 ) la bl = lal x Ibl for example: 

12 x- 31 = 1 -61 = 6 , 121x1-31 = 2x3 = 6 

2) la + bl < lal + Ibl 

The equality holds if a , b have the same sign: 

14 + 51 = 141 + 151 = 9 , 1-4-51 = 1-41 + 1-51=9 

Note: 

1 ) If: Lxl = a then : x =a or x = -a for all a el + 

2) If: lal = Ibl if either : a = b or a = -b for all a , b e R 

3) l.xl 2 = lx 2 l=x 2 
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Solve the equation lax + bl = cx + d 

% Example 

2 Solve the equation : \2 x - 3\ = x + 3 graphically and algebraically. 



^ Solution 

let f{x) = I2x -31 , g(x) = x + 3 

Graphical solution: 

/:/(x) = I2x-3I = I2(x-§)I 
.’./(*) = 2 lx- |l 

The curve of /is the same curve of 21x1 by 

3 

horizontal translation of a magnitude of - 
units in the direction of O X 

g: g(x) = x + 3 represented by a straight 
line whose slope =1 and passes through the 
point (0, 3) 

v intersection points are (0 , 3) and (6, 9) 
Then the solution set is : {0 , 6} 




The algebraic solution: 

r 2 X - 3 
v 12* -31= \ 



3 

when x ^ y 



when 
2 x + 3 when 
2x - 3 = x + 3 
-2x + 3= x + 3 



x > 
x< 



3 

, when x < y 

the solution set = {0 , 6} 



1 

2 

2 



3 

then x = 6 e [ y , o° [ 

3 

then x = 0 g ] - oo , y [ 



H Try to solve 

2 Solve each of the following equations graphically and algebraically. 

a I2x + 41 = 1 -x b |2x + 51 = x - 4 c lx -31 = 3 -x 



Solve the equation: la x + bl = Ic x + dl 

Example 

3 Solve the equation lx - 31 = I2x + II graphically. 
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^ Solution 

let/(x) = Lx - 31 , g(x) = I2x + II 
the curve of f: is same curve of Lxl by translation 
of a magnitude of 3 units in the direction of 
OX g : gCx) = 2 lx + j I 
the curve of g is same curve of 2l.xl by horizontal 
translation of a magnitude of y in OX' , the 
two curves of the functions /and g intersect at 
( -4, 7) and (y ,{) 
the solution set = {-4 , y } 

El Try to solve 

3 Solve each of the following equations graphically. 

a Lx + 71 = I2x + 31 b I x - 21 + I x - 1 1 = zero 




/ 



% Example 

4 Find the solution set for each algebrically : 



a Lx + 71 = Lx - 51 



b Jx 2 + 6x + 9 = 9 - 2x 



Solution 

a v Lx + 71 = Lx - 51 
x + 7 = x - 5 
orx + 7 = -x + 5 
x = - 1 

satisfy: 

By substituting x = - 1 in the two sides, we find that: 

the right side = left side = 6 i.e. the solution set = { - 1 } 



x + 7 = ± (x - 5) 

.\ 7=- 5 (refused), 
i.e: 2x = -2 

i.e solution set = { -1} 






if a , b e R 
lal = Ibl 
then: a = + b 



Think: 

Solve the equation above by squaring its two sides, then check your solution. 



b v J x 2 -6x + 9 = 9 -2x 

J (x - 3) 2 = 9 -2x then: Lx - 31 = 9 - 2x 

First: when x > 3 then : x - 3 = 9 - 2x 
3x = 12 then: x = 4e [3 , o° [ 

Second : when x < 3 then : x-3 = -9 + 2x 
x = 6 then: x = 6 £ ] - o° , 3 [ 




for any real number a: 
= lal 



Solution set = {4} 
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Think: 1) Can you use other methods to solve this equation? Explain. 

Q Try to solve 

4 Find the solution set of each of the following equations algebraically: 
a lx - 1 1 - 2 12 - xl = 0 b -J x 2 -4x + A = 4 



Life applications on solving equations 

Example planning cities 

5 Apiece of land is included between the two curves of the two functions / and g where : 

/(x) = lx-31 -2 and g(x)=3 . Calculate its area in square units. If the unit length is 8 m, find 
the area of this land in square meters. 

^ Solution 

By graphing the curve of / and g graphically, we find 
that they intersect at A (-2, 3) and B (8, 3). The land 
will be in the form of a right angled triangle ABC at C 
where: 

AB= 8-(-2)=10 units 
CD = 3 - (-2) = 5 units 

.-.area A B AC ABxCD 

= y xl0x5 = 25 square units 
Area of land = 25 (8 x 8) = 1600 square meters. 

Q Try to solve 

5 Find in square unit the area included between the two curves of the two functions /and g 
where : /(x) = lx-21 -1 and g(x)=5-lx-2l 




% Example Roa ds nets 

6 ) Two roads, the first one is represented by the function/ where /(x) = lx-51, and the second 

9 

represented is by the function g where g(x) = 5 - - x. If the two roads intersect at points A 
and B, find the distance between A and B to the nearest kilometer the length unit represents 
a distance of 5 km. 

^ Solution 

9 

The two roads intersect when/(x)= g(x) , then lx-51 = 5 - y x = y 

x - 5 = 5 - yx then x = 6 , y = 1 .'. A = (6,1) 

or x - 5 = y x - 5 then x = 0 , y = 5 .'. B = (0,5) 

AB = 7(6 - 0) 2 +(l - 5) 2 = S2 =2/13 
V the length unit represents 5 km 

the distance between A and B = 5 x 2 /l3 = 10 VT3 ~ 36 km 
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*55* Activity 

Notice: If a light ray falls on a reflective surface whose 
pathway is subjected to the modulus function . The 
measurement of incidence angle equals the measurement 
of reflection angle. 




/ 



In addition , the pathway of the 
billiard ball before and after colliding 
it against the table edge. 

The figure opposite illustrates that 
the billiard player kicks the black 
ball considering ox and oy the 
two perpendicular coordinates and the 
ball's pathway follows the curve of the 
function /'where: f(x) = | be - 51. Does 
the black ball fall in pocket B? Explain 
mathematically. 



Y 




Q Try to solve 

6 In the previous example, check the points of intersection by solving the two equations 
graphically. 



Solving the Inequalities 

You have previously learned that the inequality is a mathematical phrase containing one of the 
symbols: (< , > , ^ , ^). The solution of the inequality is to find the value (s) of the variable 
which make the inequality true. 

Solving inequalities graphically 

The opposite figure shows the curves of the two 
functions / and g where : 

y , =f(x) , y 9 = g(x) and the solution set of the equation 
fix) = g(x) is { a , b} 

then: yj = y 9 when x = a or x = b 
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/ 



we notice: yj < y 9 which/(x) < g(x) when xg ] a , b[ 

yi > y 2 which fix) > g(x) when x e ] - o° , a[ U] b , oo[ 



% 



Example 




Q Try to solve 

7 Find the solution set of the following inequalities using the graphs in example (7): 
a Lx + 2I< 2 b |2 x + 6K 4 c Lx: - 21 > 3 



Solving inequalities algebraically 






Learn 



first: if I x I < a , a > 0 then -a < x < a 



second: if I x I ^ a , a > 0 then x>a or x < - a 



Example 

8 Find the solution set of each of the following inequalities in form of 
an interval: 

a lx -31 <4 b J * 2 - 2x + 1 ^ 4 

1 



I2x - 31 



^ 2 



^ Solution 



a v lx - 31 < 4 then -4<x-3<4 
- 4 + 3^x — 3 + 3^4 + 3 
The solution set = ] - 1 , 7[ 



adding 3 to inquality 
then: - 1 < x < 7 




for all a , b , c 

if a < b , b < c 

then a < c 

if a < b then 

a + c < b + c 

a c < b c when c > 0 

a c > b c when c < 0 

if a , b are positive 

numbers , 

a < b then — > 7- 
a b 
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b v J (x - 1) 2 = lx - II then: be - II ^ 4 

.'.x- 1^4 i.e x ^ 5 or x - 1 < - 4 then x < - 3 

x e 1 - ] - 3 , 5[ /. The solution set = ] - o° , - 3] U [5 , o°[ 



1 



I2x - 31 



^2 



by taking off the multiplicative inverse of both sides 



I2x - 31 < 4r 






- — < 2x - 3 < — 

-^- + 3<2x-3 + 3<^- + 3 

2 ^ ZX -*■ 2 

4 4 



by adding 3 to inequality 



by dividing by 2 

solution set is [ j , j ] - (4> 



H Try to solve 

8 Find the solution set of each of the following inequalities in form of an interval: 



a lx - 71 < 1 1 



b I3x + 7I<8 






6x + 9 >8 



13x1 



^5 




Example 



(Life application on solving inequality) 



9 One of the natural gas companies allows employing a counter reader. If his length ranges 
between 178 cm and 192 cm . Express all possible lengths for the persons applying to join 
this job using the absolute value inequality. 



^ Solution 

Let the length of a person is x cm 
where 178 < x < 192 , adding ( -185 ) 
to both sides 

178 - 185 < x - 185 < 192 - 185 
-7 < x - 185 < 7 




/ 



Q Try to solve 

9 Write the absolute value inequality which expresses : 

a Student’s mark in an exam ranges between 60 and 100. 

° o 

b The temperature measured by a thermometer ranges between 35 C , 42 C 
c The Green algae found in Ocean reaches 30 meters deep. 



Critical thinking: Write in the form of an absolute value inequality: 



a -4 < x < 4 
c x ^ 2 or x < -2 



b 0 < x < 6 
d x e R - [ -2 , 6 ] 
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one 



m 



Exercise (1 - 5) 






Find the solution set of each of the following equations algebraically: 



1 1 JC - 2 1 = 3 


2 13-2x1=7 


3 lx + 2l = 3x-10 


4 lx+2l+x-2 = 0 


5 x + 1 x 1 = 2 


6 lx-2l=3x-4 


7 1 x - 1 1 = x - 2 


8 I2x - 61 = lx - 31 


9 7 X 2 - 6x + 9 + 2x : 


Find the solution set of each 


of the following equations graphically: 


10 1 jc - 3 1 = 7 


11 lx + 2l+x-2 — 0 


@ lx-2l = 3x-4 


13 1 2 jc - 4 1 = 1 jc + 1 1 


14 1 x 1 + x = 0 


15 1 x + 2 1 = lx-31 


Find the solution set of each 


of the following inequalities graphically: 


16 lx- 1 1 < 2 


17 lx- 21 < 3 


18 1 5 - x 1 > 3 


19 1 2 JC - 3 \>1 


20 1 x + 3 1 > -1 


@ l2x-5 1^2 


Find the solution set of each 


of the following inequalities algebraically: 


@ 1 x-3 K 15 


@ 1 3x-2 1 < 4 


@\3x-l\>2 


@I3x + 2I + 5<4 


Jx 2 - 2x + 1 ^4 


27 y 4x 2 - 12x + 9 <9 


@ I2x - 31 + 16 - 4x1 < 12 


29 1 ^3 

^ I2x-5I 


® 12,-31 >2 


31 Mechanics : 




B 



A body travels in a uniform velocity of magnitude 8 cm/sec 
from position A to position C passing through B without 
stopping. If the distance between the body and position B is 
given by S(t) = 8 15 - tl where t is the time in seconds and S is 
the distance in cm, calculate. 

a The distance between the body and position B after 
2 seconds and 8 seconds . what do you notice ? Explain. 

b When the body became at a distance 16 cm from position 
B? Explain. 

c When the body became at distance less than 8 cm from position B? 
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Unit summary 

Unit summary 

1 The function : is a relation between two non-null sets X and Y so that each element in x 
has one and only one element of Y and the function is symbolically written in the form 

/: X > Y. The function is determined by the three elements; the domain , co-domain and 

the rule of the function. 

The function/is called a real function if each of its domain and co-domain are the set of the 
real numbers or a subset of it. 

2 The vertical line test : If a relation is represented by a set of points in a orthogonal coordinate 
plane and the vertical line intersects its graphical representation at each element of the 
domain elements at one point only, then the relation represents a function. 

3 Piecewise- defined function : is a real function in which each subset of its domain has a 
different definition rule. 

4 Operations of functions: if /^ and are two functions whose domains are Dj and : 

> (/, ±/ 2 ) (x) =/, (x) ±/ 2 (x) , domain (/, ±/ 2 ) is D,n D 2 

> (/, . f 2 ) (x) =/i (*)• f 2 (x) , domain (/,. f 2 ) is D,n D 2 

> A) 00 = where f 2 (x) / 0 domain/) is (DjD D 2 ) - Z (f 2 ) 

J2 J2&) J2 

where Z (/)) is the set of zeros of/, 

5 Composition of functions: if the range of the function / is a subset of the domain of the 
function g, we can compose the function z from the two functions f and g where z = g°f and 
read as g composite/and z(x) = ( g° f) (x) = g[f(x)\ 

6 Even and odd function: 

F is even: /: X > Y and /(-x) = /(x) for all x , -xeX. 

F is odd : /: X > Y and /(-x) = -fix) for all x , -xeX. 

7 The one-to -one : the function/: X > Y is said to be one-to one : 

if a , b e X ,/( a) =/( b) then a = b or for all a / b then j{ a) //(b) 

8 The horizontal line test: if/: X * Y, then /is one-to one- if the horizontal line (parallel 

to x-axis) intersects the curve of the function at one point. 

9 Monotony of function : the function / is increasing in the interval ]a , b[ if each of 
Xj and x 2 e ]a , b[ and x 2 > Xj, then f(x 2 ) f(x ^). 

The function /is decreasing in the interval ]a , b[ if each of , x 2 e ]a , b[ when X 2 > Xj , 
then /(x 2 ) < / (x , ) 

and the function is constant in the interval ]a , b[ if each x { , x 9 e ]a , b[ and x 2 > Xj , then 
f(x 2 ) =f(x l ) 



Student book - first term 



57 







PDF Compressor Pro 



x. 



Unit summary 



f 



10 Linear function: the simplest form :/(x) = x is represented by a straight line passes through (0 , 0) 

11 The quadratil function: the simplest form fix) = x 2 is represented by a curve of vertex (0, 0) 
and the equation of line symmetry x = 0 

12 The cubic function : the simplest form fix) = x 3 , curve with point of symmetry (0, 0) 

13 The absolute value function: 

f * , 

Simplest form fix) = Ixl, defined as :/(x) = J 

l -x, 



x^0 



x <0 

is represented by two rays starting from (0, 0) and their slopes = 1 and = - 1 : 
and \x\> 0 , l-xl = Ixl , -Jfifi = Ixl 

14 The rational function: simplest form/(x) = — , and the symmetrical point of its two curves is 

( 0 , 0 ) 

1 5 Geometrical transformations of the function / where y = fix) and a > 0 are determined as 
follows : 

> If y = fix) + a it is represented by translating the curve of/ in the positive direction of 

y-axis in a magnitude of a 

> If y = fix) - a it is represented by translating the curve of/ in the negative direction of 

y-axis in a magnitude of a 

> If y = fix + a) it is represented by translating the curve of/ in the negative direction of 

x-axis in a magnitude of a 

>- If y = fix - a) it is represented by translating the curve of/ in the positive direction of 
x-axis in a magnitude of a. 

> If y = - /(x ) it is represented by reflection of the curve of /in x-axis. 



> If >' = a/(x) 



it is represented by the stretching the two vertices of the curve /if a > 1 
and by shrinking the two vertices of the curve if 0 < a< 1 . 



16 Properties of absolute value of number: 
a I a bl = lal x Ibl 

c if Ixl < a , a > 0 then: -a < x < a 
d if Ixl ^ a , a > 0 then: x> aorx< -a 



b I a + b Kl al + Ibl 
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General exercises 



«r General exercises z® 



1 In each of the following figures : 

first: find the range of the function second: determine the one-to -one function 

third: discuss the monotony of the function. 






I 











i 


i Y 














/ 










\ 








/ 














\ 






4 - 


3 


2 




r 








X 









>Y 


T 








2 




r 








1 


J 








2 - 








X 




/ 












/ 















i 


r Y 










2 












1 








— — . 


2^ 


1 ° 






X 






t 












1 


r 







2 Find the domain for each of the functions defined by the following rules: 



a f x (x) = 2x 3 + x + 3 

d f A (x) = sic - y 



b uz = 



2x 



x 2 - 2x - 3 



e Ux) = 3 



c Ux ) = 



f Ux) = 



X 1 - 1 

a: 2 + 1 



-J x + 2 ° V x 2 - 4x + 4 

3 Use the graph of the function/ where y = x to represent each of the following functions graphically: 

c g 3 (x) = x + | 



a g 1 (*) = 4 + % b g 2 (*)=*-l 

then , prove that each of the functions / ,/ 9 and/ 3 is one-to-one function and discuss its monotony. 



4 Use the graph of the function / where j{x) = l.d to represent each of the following functions 
graphically: 

a g(x) = \x - 1 1 b g(x) = 2 - l.d c g( X ) = \x + 21-3 

then discuss the monotony of each. 

5 Use the graph of the function / where j{x) - x 2 to represent each of the following functions 
graphically: 

a g/x) = x 2 - 3 b g 2 ( x ) = 2-x 2 c g 3 ( x ) = ( x -2) 2 + l 

then find the equation of the axis of symmetry of each. 
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6 Use the graph of the function/ where fix) = x 3 to represent each of the following functions 
graphically: 

a f l (x) = (x + 3) 3 b f 2 (x) = -(x- l) 3 c f 3 (x) = (x- l) 3 -2 

d f 5 (x) = (x+ 1)3-2 

7 Use the graph of the function / where /(x) = y , x / 0 to represent each of the following 
functions graphically: 

1 . o 



a A(x) 

d 



1 

X + 1 


b / 2 « = 


II 

< 

o 


1--L 


e f 5 (x) - x+l 

0 X 


II 



x 

3x - 5 



4 x J ' x 7 x - 2 

8 Find the solution set of each of the following equations and inequalities graphically and 
check your answer algebraically. 

b I3x - 21 + 2x - 3 = 0 



a I2x - 11-3=0 
d be + 31 < 1 



e I3x-2I^6 



c lx + 21 = lx -31 

f V 4x 2 - 12x + 9 > 5 



9 Geometry: Find the surface area included between the two curves of/and g where: 
a j{x) - lx + 31 + 2 , g(x) = 4 

b fix) = lx - 31 - 1 , g(x) = 3 - lx - 31 



1 0 A dairy factory produces cans of weight x gram. To control the production quality, the cans 
pass on the production control weight line which allows the cans to pass if lx - 16001 ^ 15. 
Determine the heaviest and the lightest cans that can be sold from the production of that factory. 

1 1 The opposite figure shows the curve of the function f where: 

/(x) = y lx - 161 - 12 
Write a suitable scale of o X and 0 y 
Find the Solution set of the equation J{x) = 6 graphically 




Creative thinking: 

1 2 Graph in the same figure the functions /and g where /(x) = x 2 lxl , g(x) = 2 - Ixl and from the 
graph, find the solution set of the equation /(x) = g(x) 

13 Prove that the function /where fix) = ^ ^ is an even function, then find the solution set 
of the equation fix) = 2 algebraically. 
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Accumulative test 




m 



Accumulative test 






If some geometric transformations are applied on the function / , g and h where fix) = x 2 , 

~ 1 

g(v) = x and h(x) = — to get the functions represented by the following figures. Complete: 




Fig (D 




/ 



a The rule of the function in Fig (1) is b The rule of the function in Fig (2) is 

c The rule of the function in Fig (3) is ** The function is not one -to-one in Fig. 

e The range of the function in Fig (1) is f The range is R in Fig. 

9 point of symmetry of the function in Fig (3) is 

h Equation of symmetry line of the function in Fig (1) is 

2 Find the domain of each of the functions defined as follows: 

a f ' (x) = 2 3 , n b fi W = c m = 7= 

x z - 3x - W V j-3 

3 If f(x) = — , x = 0 , g(x) = 2x find each of: 

if* S)W , if- g)W , (A ui then find the value of each of if* g) (1) , if. g) (2) , 

(f) ( -l) 

4 Draw the graph of (x) = \x - 31 + 1 and from the graph check its monotony then find solution 
set of the equation /A) = 4 

5 Find the solution set of each of: 

a \x + 21 = 3* - 10 b W . 2 - x = 0 c 13 - 2x1 > 5 

6 Prove that/(x) = ^ + * is an even the draw the graph of/ find graphically and algebrically 

Ijd 

the solution set of fix) = 2x - 2, verify the results. 

7 Mechanics: A rocket was projected vertically upwards with a velocity of 98 m/sec from the 
surface of the ground, If the relation between its height(s) in meter and the time (t)in second is 
given by the relation s = 98t - 4.9t 2 . Show that this function is not one-to-one then find: 

a The height of the rocket from the surface of the ground after two seconds from the 
moment of projection. 

b The time taken by the rocket to reach a height of 470.4 m above the ground. 
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'Exponent sTlTogarithm s r and 
^^their^^ppHSTions^N^ 



Unit 

Two 



Unit introduction 



The concept of logarithm was introduced to mathematics at the beginning of the seventeenth century 
on hand of the scientist Jhon Nabeer as away to simplify calculations . So the navigations, scientists , 
engineers and the others can easily satisfy their calculations using the tables of logarithms , calculator 
ruler . they also get use of properties of logarithms to transform the multiplication operations to addition 
using the property according to the formula log a (xy) = log a x + log a y , and thanks to the scientist Leonhard 
Euler in the eighteenth century to join the concept of the logarithm with the concept of the exponential 
function so the concept of logarithms was enlarged ,and connected with functions . The logarithmic 
measure was wildly used in many fields as for example the decibel is a logarithmic unit used to measure 
the sound intensity , the volt ratio , also the hydrogenous power is ( logarithmic measure ) used in 
chemistry to determine the acidic of certain solution . 



Unit objectives 

By the end of this unit , the student should be able to: 

Recognize the exponential function f: x , a x where 

a e R + - { r }. 

Recognize the graphical representation of the exponential 
function and deduce its properties. 

# recognize the laws of rational exponents. 

# Solve exponential equations at the form a x = b. 

Solve applications used exponential equation. a x = b. 

^ Recognize the logarithmic function y = log x or 
fix) = log x where a e R + - {1}, x e R + . a 

Converting from exponential form to logarithmic form and 
vice versa. 

Recognize the inverse function and the condition of 
existence (horizontal line test). 

^ recognize the graphical representation of the inverse 
function as an image of the curve of the function under 
reflection in the straight line y = x Like the graphical 
representation of the logarithmic function in a bounded 
interval as inverse function of the exponential function 
and deduce its properties. 

•$- recognize the relation between the exponential function 
and logarithmic function graphically. 



# recognize some logarithms laws: 

► log a (xy)= log a x + log a y, x > 0, y > 0 

► !og a <y > = lo g a x “ lo gaT x > o, y > 0 

► log a x n = n log a x, x>o, aeR + -{i},neR 

► log a (i) = -log a x,x>0,aeR + -{i} 

► 1 Oga X =^|^-. X>0 > a - bGR+ -{ 1 } 

M °Sa b = Tdi^r a , b e R + - { i } 

► log a a =1 a g R + - { 1 } 

► log a i=o a g R + - { 1 } 

Solve logarithmic equations. 

Solve problems by using the logarithms laws. 

Use the scientific calculator to find logarithms . 

Use the scientific calculator to solve some exponential 
equations by using logarithms. 
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Unit Two 

2 jy \ Rational Exponents / 



| We will learn 

► Generalization of the 
laws of the exponents. 

► The n th root 

► The laws of the rational 
exponents 






Key - term 



► The n th Power 

► Base 

► Exponent 

► n th Root 

► Rational Exponent 



Matrials 



► Scientific ca. 

► Excel program 



Introduction 



You have studied before the square roots of a real non-negative number 
and some properties of the square roots and the cubic roots. Also you've 
studied the integer exponents and some of its properties. In this lesson 
we will study the rational exponents. 



r Revision 



Integer exponent 



1 ) for every a e R , n e Z + then: 

a n = axaxax xa (a multiply by it self n times) 

(a n ) is the n th power of a , a is the base, n the exponent 
we say a raised to power n. 




2 ) 

3 ) 



for every a e R - {0} 
a n 



a~“ = — 



a^O 



Properties of integer exponents: 

If m, n g Z , a, b e R - {0} then: 



> a m x a n 



> = a m_n 

a" 



> (ab) n = a n b n 

^ /2L\n . a 11 
K b’ b n 



> (a m ) n = a 1 

% Example 

(7) prove that - 

^ Solution 

R.H.S 



4n +1 



x 4 



2 - 2n 



9n +1 



X 48 



1 -n 



= 1 



(3 2 ) 



4n +1 



x(2 2 ) 



2 - 2n 



(3) 



8n +2 



X 2 



4 - 4n 



9n +1 



x 2 



4-4n 



3 9n+1 x (2 4 x 3) 1 _n 
_ g8n +2-9n-l-l+n x 24-4n-4 + 4n 

= 3° x 2° = 1 x 1 (L.H.S) 



x 3 



1 - n 
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Rational Exponents 



2-1 






\ Try to solve 



^ (27 )' 3 x ( 12) 2 

1 Put in the simplest form: — 7 — /ri , , 9 
r 16x(81)' 2 



% Example 



/Cx„ 125x(15)”- 2 x(25r*" 5 

2 Pl ' OVethat: (75) n x (5) n + 2m =9 



^ Solution 



L.H.S. 



_ 5 3 x (3 x 5 ) n ' 2 x (5 2 ) m + 11 
(3 x 5 2 ) 11 x (5) n + 2m 

_ (5 ) 3 x (3) n - 2 x (5) n - 2 x (5) 2m + 2 n 
(3) n x (5) 2n x (5) n+2m 

_ 3 + n - 2 + 2m + 2n-2n-n-m x ( 32 ^ n - 2 - n 



= (5) 1 X 3 -2 = A = 1 
3 2 9 



(R.H.S) 



| Try to solve 



2 Prove that: 5 x 3 2n - 4 x 3 2n ~ 1 _ 11 
W 2 x 3 2n + 1 - 3 2n 15 



Critical thinking: 

a If a e R", n is an odd integer. Determine the correct statement from the following: 

(a) a n > 0 (b) a n < 0 (c) a n > 0 (d) a n + 1 < 0 

b If a e R -{0}, n is an even integer . Determine the correct statement from the following: 
(a)a n >0 (b) a n < 0 (c)a n ‘ 1 =0 (d)a n <0 



The n th root 



You've studied: 

The equation x 2 = 9 has only two real roots -J~9 = 3 and - / 9~ = -3 

Notice that 3 2 = 9 , (-3 ) 2 = 9 

and the equation x 3 = 8 has only one real root 

vlT = 2 (The other roots are complex numbers and not real) 

( 2) 3 = 8 



mO 



For any real 
number 

J£r=\a\ 



In general: 

the equation x n = a such that a e R , neZ + has n roots. We discuss the following cases: 

1 ) If n is an even number and a > 0 

then the equation x" = a has two real roots one is positive and the other is negative (the other 
roots are complex numbers and not real) and we express these two roots as V~~a" , - '^J~a, and 
the n th root of the same sign of a is called the principle n th roots of a. 



Student book - first term 



65 





DF Compressor Pro 



— 




i.e. the equation x 4 = 16 has two real roots ^16 = 2 , - = -2 

(And the other roots are complex not real). 

Notice that (2) 4 = 16 , (-2) 4 = 16 



2 ) If n is an even number and a is negative , a < 0 

the equation x n = a has no real roots (all its roots are complex and not real), 
i.e.: the equation x 2 = -9 has no real roots (all its roots are complex and not real). 

3) If n is an odd number , a e R- {0} 

then the equation x n = a has only one real root (mT (and the other roots are complex numbers) 
i.e.: the equation x 5 = -32 has only one real root ^-32 = -2 (notice that (-2) 5 = -32) 

4) If n e Z + , a = 0 

then the equation x n = 0 has only one solution which is x = 0 (The equation has n of the 

repeated roots and each one of it = 0 at n >1). 

Q Try to solve 

3 Find in R the solution set of each of the following equations: 

a i 4 = 81 b x 5 = 243 c x 4 = -16 d x 3 = - 64 

Critical thinking: Explain using a numerical example the difference between the sixth root of a and a" 




The Rational Exponents 



We know that the square root of the non-negative real number a is the number whose square is 
a and if a m represents the principle square roots of a 

(a m ) 2 = a .'. a 2m = a then 2 m = 1 .’. m = ^ 



i 

which means that, a 2 is the principle square root of a Thus /a” = a 



- a2 



Similarly a 3 is the principle cubic root of a Thus = a 3 in general - a 




i 

1 ) (1) For any real number a > 0, n e z + - {1} then a 11 = 

this statement is also true at a < 0 , n odd integer number more than 1 



m 

2) a^ 




n I 

V a m where 



a g R, m, n integer numbers with no common factor 



between them 



n> 1, e R 
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Rational Exponents 



2-1 



Generalization of exponents rules 

Rational exponents has the same rules of integer exponents 



* 



Example 



3 Find each of the following (if possible) in R. 

a (16)4 b -(27)3 

d (-9)2 e 162 



c (-243)5 
f (27)3 



^ Solution 

a (16)4 = 4^16=2 

c (-243)| = 5 / t 243 = -3 

e 162 =(/l6) 3 = 4 3 = 64 

El Try to solve 

4 Find (if possible) the value of each of: 
a (125)1 b (-81)4 

Give reason? 

The number (-8)3 is defined in R, = -2 e R 



b -(27) 3 =. 3^7 = -3 



d (-9)2=/79£R Note /29 = 3i 

1 - J \4 _ (1)4 _ J_ 



f (27)- 



27 ? [ V2 T ] 3 81 



c (128) 



d -(343)3 



but the number (v^dT ) 2 is undefined in R 



Properties of n th Roots 

1 ) V ab = V& x W 

2) ^ = W ' b#0 



such that 7T , VTT e R 



% Example 

4 Find in the simplest form each of: 

a - V 8a 6 b 9 b 4| 



4 J 16x 4 y 8 



^ Solution 

a - 3 J 8 a 6 b 9 = - 8 x ^ a 6 x }j jp = -2 a 2 b 3 

b Vl6x 4 y 8 = V 16 xfy x 4 x y' y 8 = 2 Ixl y 2 



Z HO 



Va”" = lal if n is even 
Va"" = a if n is odd 




Student book - first term 



67 




DF Compressor Pro 



Unit Tw o: Exponents, Logarithms and their Applications j p 

Q Try to solve 

5 Find in the simplest form each of: 

b V (x + 2y) 



a 4 J~16, 



i 12 



18 



Example 



5 Find in the simplest form each of 

I 3 



a (18) x (12)" 



(24) : 



3 2 x (147) 6 
(63) 3 



^ Solution 



2x3 



a The expression =(2x3 2 )'2 x (3 x 2 2 ) 2 x (3 x 2 3 )" 2 = 2"2 x 3"3 x 3 2 x 2 2 x3" 2 x2" 2 



= T 



-1+6-3 



x 3 



-2 + 3-1 



= 22x3=2x1=2 



b The expression = 



I i i i i 

3 2 x (3 x 7 2 ) 6 32 x 3 6 x 7 3 

1 - 2 1 
(3 2 x 7) 3 3 3 x 7 3 



1 + i - 2 



l l 



3 2 6 ~ 3 x7 3 ' 3 = 3°x7°= 1 x 1 = 1 



ill Try to solve 

6 Prove that: 

(343)2*" 3 x (4) 3 * + : 



(196) 3 * x 4 7 

Solving exponential equations in R 



b 125x ^43 x 10 4 —25 
4 8 x 6" 3 x 15 4 



% 



Example 



6 Find in R the solution set of each of the following equations 



a i = 128 
c *2 . 10*1 + 9 = 0 

^ Solution 

a *2 = 128 

* = (128)7 
x~7r -4 

b (2* + 3)2 = 81 
((2* + 3) ") 3 = (3 4 > 
(lx + 3) 4 = 3 12 
lx + 3 = ± (3 12 ) 4 



b (lx + 3) 3 = 81 
d V x 5 - ^ x 5 = 6 



x = (l 1 V 

solution set = { 4} 

raise both sides to the power 3 
lx + 3 = ± 3 3 



XmO 



m 

If jc n = a 

n 

Then x = a m 
m is an odd number 

m 

If jc n = a 

Then x = ± a ra 
n is an even number 
And m, n hasn’t 
common factor 
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Either 2 x + 3 = 27 

Or 2 .x + 3 = -27 2x = -30 

solution set = {12, -15} 

x 3 - 13 x 3 + 36 = 0 

( jc 9) ( jc f - 4) = 0 

2 2 
either x 3 -9 = 0 or x 3 - 4 = 0 

xf = 3 2 x f = 2 2 

x = ± (3 2 )t x =± (2 2 )t 

x = ± 27 x = ± 8 

solution set = {27, -27, 8 , -8} 



Rational Exponents 2 “ ^ 



2 x = 24 
x = -15 



x = 12 



3 /^-31 ylC"” -32 = 0 

5 5 

x3-31x 6 -32 = 0 
( x I - 32) ( x I + 1) = 0 



either x 6 - 32 = 0 
2 5 



5 

X 6 



X = (2 5 )6 
x = 64 

solution set = {64} 



or x 6 +1=0 

5 

x6 = -i refused 



Q Try to solve 

7 Find in R the solution set of each of 

a x 3 = 81 b (*+ i)T 



-i 

32 2 



V7-3V7 



Exercises 2-1 

1 Simplify /8~ x 4 4 x 2~ 2 

1 ' (y 2 < 3 2 

2 Show when the relation V ab = V~a x } b is true for all real values of a, b?. 

3 Complete each if the following: 

2 3 

a (8) 3 in the simplest form b (6-j) 2 in the simplest form 

1 Z' 3 I Q 

c (— — ) 4 in the simplest form d 7 (3-^-r 1 in the simplest form 

I 

6 (5 2 - 3 2 ) 2 in the simplest form 

4 Choose the correct answer from those given: 

a If 5' = 2 then 25' = (10,625,4,2) 

b (2 7 -: 2-V = (2, -2, i, -|) 

c If x 2 = 64 then x = (512, 16, 4, 2) 

d Which of the given is not equal to Qfx*) ((^Ct) 4 , Vx? , x 5 , (x 3 ) 4 ) 

e If 4 x 5 = 128 then x = (4. +2. 2. -2) 
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Unit Two: Exponents, Logarithms and their Applications 



f The real roots of the equation (x - 2) 4 = 1 6 are 



W 



9 If 3 a = 4 b then 9 b + 16 



({0} , {4} , {8} , {0, 4}) 
(7, 12, 20, 25) 



5 Find the error: 

a -9 = (-9)2 = /(^)2 = V8T = 9 
b If jc 4 = 81 then 



x = Vsi 



x = 3 



a x 2 = — 
32 



V t 

Geometry: If the length of the radius (r) of the sphere is given by the relation r = ( — ) . 

4 71 

where (V) is the volume of the sphere find the increase in the radius length when the volume 
32 

changes from -y 71 to 36 71 cubic units. 

7 Find the solution set of each of following equations: 

b v 4 = 81 

d (x 2 - 5x + 9) 2 = 243 
f x + 15 = 8 VjT" 

9 ^-25^-54 = 0 h (2x - l) 4 = (x + 3) 4 

3 2 

8 If x 2 = 3y 3 = 27 find the value of x + y 

9 Creative thinking: Choose the correct answer: 

- Vx 2 - 2x + 1 +1 = 



^(x-1) 5 



32 



e x5 - 5x5 + 4 = 0 



a If x < 0 then: J1P~ - 



(x , -x , zero , - 1) 



b If a 



^ = - then which of the following is rational 



(a 



12 „ 16 „18 „24 



a 24 ) 



Activity 



Use the calculator to evaluate the following (Approximating the answer to two decimals) 
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Exponential Function 



Unit Two 



and its Applications / ^k ^k 



Activity 

Bacteria cells multiply by direct division to two cells during a limited 
period of time then the two cells divide into four cells, then the four 
cells divide into eight cells and cell division continues that way through 
the same period of time and in the same circumstances. 

The following table shows the time that bacteria cells divide per 
hour and the number of the producing cells. 



Time in hour 


0 


1 


2 


3 


4 


5 


No. of cells 


1 


2 


4 









1 ) Complete the table. 

2 ) Express the number of cells in the exponential form with base 2 in 
each division. 

3 ) Find the expected number of cells after 8 hours. 

4 ) Express in the exponential form the number of cells after x hours. 



^ Learn 

Exponential Function 

I The function/such that fix) = a x , a > 0 , a ^ 1 , xeRis called 
exponential function. 

Example: 

fix) = 2 X its base (2) and its power (x). 

fix) = 5 X+1 its base (5) and its power (x+ 1 ). 

fix) = ( ) 2x its base (|) and its power (2x) 



Q Try to solve 

1 Determine which 

a J(x)=x 2 

c JW-iTT 
e ./W = (|) x -' 



of the following is an exponential function, 
b fix) = (2) x 
d fix) = x 3 - 1 
f fix) = i-2f 



We will learn 


a 


► The Exponential 




function 




► The graphical 




representation of the 




exponential function 




► Properties of the 




exponential function 




Key - term 


r- 



► Expontential Function 

► Exponential Growth 

► Exponential Decay 



Matrials 

► Scientific cat 

► Computer program for 
graph . 




The algebrail 

function: 

the independent 

variable (x) is 

the base and the 

exponent t is a real 

number.. 

The exponential 
function: 

The independent 
variable (x) is the 
exponent and the 
base is a positive 
real number doesn't 
equal to one. 
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Graphical Representation of Exponential Function 

Draw the graph of each of the two function /(x) = 2 X , g{x) = (-) x where x e [ -3 , 3] 






X 


f/x) 


f 2 (x) 


~3 


l 


8 




8 




-2 


1 


4 




4 




-1 


1 


2 




2 




0 


1 


1 


1 


2 


1 






2 


2 


4 


1 






4 


3 


8 


1 






8 







Properties of the exponential function /A) = a x , a > 0 , a / 1 

1 ) The domain of/ (A) = a x is R and its range is ]0,oo [ 

2) If a > 1 then the function is increasing on its domain and named by exponential growth 
ifO < a < 1 then the function is decreasing on its, domain and it is named by exponential decay. 

3 ) The curve of fix) = a x passes through the point (0, 1) for all a > 0, a / I 

4) fix) = a x is One - to - One function 

5) The curve of the function /A) = a x is image of the curve fix) = (— ) x by reflection in y-axis 

6 ) a x > oo when x * oo if a > 1 

a x * 0 when x * oo if 0 < a < 1 

El Try to solve 

2 In the opposite figure / is defined on R , Such that fix) = (3) x . 

Draw on the same figure the curve of the function g which is 
defined on R , such that g(x) = (^) x , then find the domain and 
the range of each function, also determine which function is 
increasing and which is decreasing and state the reason. 

3 Critical Thinking: If fix) = a x where 0 < a < 1 arrange the 
following in a ascending order fil) ,fi- 2) ,fif 5~) ,/(0). 

Example 

1 If/ (A) = 3 X then complete the following: 

a fi2) = b fix + 2) = xfix) c fi. x ) xf(- x ) = 
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I 



^ Solution 

a f(2) = 3 2 = 9 b f(x + 2) = 3 x + 2 = 3 X x 3 2 = 9 fix) 

c f(x)xf(-x) = 3 x x3- x = 3 x - x = 3°= 1 



Q Try to solve 

4 Write the rule of each function under its suitable graph: 

a y =3 X b y = 3 x c y = -3 x 

d y = - 3 ~ x e y = (3 X )-1 f y = 3 X_1 

g y = 3 1 _x h y = 1 - 3 X 




Graph (1) Graph (2) Graph (3) Graph (4) 




Graph (5) Graph (6) Graph (7) Graph (8) 



Applications tends to equations in the form a x = b 
Growth and Decay 

In our daily life there are a lot of phenomena expressing growth and decay by time such as 
the study of population, bacteria, viruses, radiation substances, electricity and temperature. 
In algebra, there are two functions, representing the growth and decay which are exponential 
growth function and exponential decay function. 

First :Exponential growth 

We can use the function/, such that /f t) = a (1 + r) 1 to represent the exponential growth with a 
constant percentage during constant intervals of time, where (t) is the time, (a) is the intial value, 
(r) is the growth percentage per interval of time (Discuss your teacher to conclude the previous 
relation). 
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Example 

2 The compound interest: If principal P is deposited in one of the banks at interest rate r 

(percentage) and compounded n times per year for a period of t years, then the accumulated 

value A is given by: 

A = P (1 + — ) nt 
n 

Example: A man deposited a capital of 5000 L.E in one of the banks with annual compound 
interest 8%. Find the sum of the capital after 10 years in each of the following. 



a The interest compounded annually 
b The interest compounded quarter annually 
c The interest compounded monthly. 



^ Solution 

Use the relation A = P(1+ - ) nt 

n 

(a) The interest is compounded annually .'. n=l 

C = 5000 (1+ 0.08) 10 = 10794.62L.E 



(b) The interest is compounded quarter annually .'. n = 4 

C = 5000 ( 1 + M8_)i0x4= H040.2 L.E 
4 

(c) The interest is compounded monthly .'. n = 12 

C = 5000(1+ M_) io*i2 = Hogg 2 l.E 
12 J 

Q Try to solve 

5 Number of breeding Bees in a bee cell increases at rate 25 Z weekly. If the number of bees 
at the beginning is 60 bees. Write the exponential function that describes the number of bees 
after t weeks. Then estimate this number after 6 weeks. 



Second : Exponential decay 

We can use the function/: /( t) = a (1 - r)‘ to represent the exponential decay with a constant 
percentage during constant intervals of time, where t is the time, a is the intial value, r is the 
decay percentage per interval of time 



% Example 

3 ) Connedted with trade: Kareem bought a car at 120000 L.E, and its price decreases at the 
rate of 12% per a year. 



1st: Write the exponential function which represents the price of the car after t years. 
2nd: Estimate to the nearest pound the price of the car after 6 years. 
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^ Solution 

a = 120000 , r = r^-=0.12, t = 6 years 

1st: the exponential decay function is: fit) = a(l - r) 1 by substituting then 
fit) = 120000 (1 - 0.12)* then: fit) = 120000 (0.88) 1 

2nd: put t = 6 in the exponential growth function 
/(5) = 120000(0. 8 8 ) 6 = 55728.49041 
The expected price of the car after 6 years is 55728 l.E 




Q Try to solve 

6 Connected with medicine: A patient gets 40 milligram of a medicine. The body gets rid of 
10% of this medicine every hour. 

a Write the exponential function which represents the quantity of medicine left in the 
body after t hours. 

b Estimate this quantity of medicine left in the body after 4 hours. 



mz 

1 Complete each of the following: 



Exercises 2-2 



m 



a The function/such that fix) = a 'is an exponential function if a , x 

b The exponential function g where g(x) = 3 X_1 its base is 

c The function K where K(x) = (A-) X+1 is not exponential because 

d The coordinates of the point of intersection of the curve of the function/(x) =a with the 
straight line x = 0 is the point ( , ) 

a The equation of the line of symmetry of the graph of the two functions f and g where, 
g(x) = 3 X , g(x) = (i) x is 

2 Choose the correct answer from those given : 



a The exponential function of base a is increasing if 

(a) a > 0 (b) a > 1 (c) 0 < a < 1 (d) a = 1 



b The exponential function of base a is decreasing if : 

(a) a > 0 (b) a < 0 (c) 0 <a < 1 (d) -1 <a < 0 

c The exponential function fix) = a X , a > 1 its curve approaches: 

(a) the x-axis (positive direction) (b) the x-axis (negative direction) 

(c) the y-axis (positive direction) (d) the y-axis (negative direction) 

d In the exponential function fix) = a , a > 1 then fix) > 1 when: 

(a) xeR (b) xeR + (c) x e R" (d)rcZ 
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W 



e In the exponential function g(x) = a X ,(0<a<l) then 0 < a X < 1 when x e 

(a)]0, oo[ (b) ]- 0 ° , 0] (c) ] 1 , 00 [ (d) ]-°° , 1] 

3 Show which of the following is an exponential function then determine the base and the 
power of each:- 

a fix) = 2x 3 b f(x)= j(5f c 

d f(x) = 3x 2 - 1 e f(x) = (|) f fix) = {-If 

4 Represent graphically each of the following functions then find the domain and the range of 
each. Also determine which is increasing and which is decreasing: 

a Ax) = 3 x b f{x) = i\) x c f( x ) = -3(2) x d fix) = 2 X+1 + 1 



e fix) = {\)* + 2 -2 f f{x) = 2 (|) x " 1 + 1 9 /(x) = -(^) 2x + f 

5 Saving: Ziad deposit 80000 L.E in a bank which gives and annual interest of 10.5%. Find 
the total amount of money after 10 years given that the total around is given by C = a (1 +r/ 
where t is the number of years, a the starting amount, r the annual interest 



6 Communication: The number of the land lines telephone decreases in a city as a result of 
the proliferation of the mobile phones at the rate of 10% yearly. If the number of the land 
lines in a year was 54000 lines write the exponential function which represents the number 
of lines after t years then estimate the number of lines after 3 years. 

7 Investment: The number of cows in a cattle farm is 80 cows and the reproduction rate of 
these cows is 18% annually. Find the number of cows after 4 years. 



8 Population: The number of population in a city of A.R.E reached 4.6 million people with 
an average increase 4% annually. 

1st: Write the exponential growth function after t years. 

2nd: Estimate the number of population after 5 years. 



9 Sport: The number of spectators of a football team decreases at the rate of 4% each match as 
a result of recurrent loss in a championship, and if the number of spectators in the first match 
was 36400. Write the exponential function which represents the number of spectators (y) in 
the match (t) then estimate the number of fans in the tenth match. 




Creative thinking: If f{x) = 2 X Prove that ^.^ . l + | 
value of x. 



+ - — has a constant value whatever the 

fi-x )+ 1 
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2 - 3 



Discover 



From that table, show when 2 X equals 2r. 




2 




Exponential Equation 

If the power of the equation contains the unknown "x" then it is called 
exponential equation i.e. (3 X = 27) thus: 



1 st : a m = a n , a g {0, 1, -1} m = n. 



% 



Example 



1 Find in R the solution set of each of the following equations: 

a 3*+i_J_ h n rr\x-'$ - <a x-2 



b (2 /T) 



8 



^ Solution 



a 



b 



qx+l_l . q x + 1 

27 

x + 1 = -3 , x = -4 


= 3- 3 

solution set = {-4} 


(2/2") x “ 3 = 8 x “ 2 


l 

(2 x 2 2 ) x ~3 = (2 3 ) x " : 


(2 “) x " 3 = (2 3 ) x " 2 


2 2< x " 3) = 2 3(x “ 2) 


2*-2 = 3 *' 6 


multiply by 2 


3x - 9 = 6x - 12 


3x - 6x = 9 - 12 


-3x = -3 x = 1 


/. solution set = {1} 



El Try to solve 

1 Find in R the solution set of each of the following equations : 

a ?3-* = _L b ( 32 + 52 > r - 1 

16 68 v 32 

2 nd : a m = b m , a, b e {0, 1,-1}, then 

m = 0 

a = b if is an odd , a = ± b if is an even. 



We will learn 



► Solving the exponential 
equations algebraically. 

► Solving the exponential 
equations graphically. 



Key - term 




► Exponential Equation 

► Graphical Solution 



Matrials 



► Computer program for 
graph. 

► Scientific Calculator 
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Example 

2 Find in R the solution set of each of the following equations: 



x-3 _ c x-3 



a 2 X “ 3 = 5 



X + 1 _ a 2x + 2 



b 7 x+ 1 = 3 



^ Solution 

a 2 x ~ 3 = 5 x ~ 3 x - 3 = 0 x = 3 

solution set = {3} 

b 7 x + 1 _ 3 2x + 2 . -j x + 1 = 3 2(x +1) • ^x+l — Qx+l 

jc + 1 = 0 x = -l solution set = {-1} 



Q Try to solve 

2 Find in R the solution set of each of the following equations: 

a 2 x “^ = 2 x ~^ b qx + 2_a2x + 4 

Critical thinking: Find all possible solution of the equation x x " 2 = 4 x " 2 



% 



Example 



® if Ax) = y 

a Prove that /(x + 2) xf(x - 2) =/( 2x) 

^ Solution 

a L.H.S =/(x + 2)x/(x-2) 

= ^x + 2 + x- 2 

b v/(x + 1) - f{x- 1) =72 

3 X+1 -3 X “ 1 = 72 
3 X_1 (3 2 -1) = 72 
3 X_1 = 9 = 3 2 ;c - 1 = 2 



b Jf fix + 1) -f(x - 1) = 72 find x 

_ 2 x + 2 x 2 x_ 2 

= 3 2x =fi2x) = R.H.S. 



X : 



3 



Try to solve 

3 If/j(x) = 8 x ,/ 2 (x) = 4 X 

/, (2x+ 1) +/ 2 (3x + 2) _ 



a prove that 



= 128 



/j (2x - 1) +/ 2 (3x - 2) 
b Solve the equation f x (2x) +/ 2 (3x - 1) = 80 
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Example 

@ \ff(x) = 2 X 

find x which satisfies the equation: fix) +/( 5 - x) = 12: 



^ Solution 

By substituting in the equation f(x) +/( 5 - x) = 1 2 
2 X + 2 5-x = 2 



2 X x 2 X + 2 5 " x x 2- v = 1 2 x 2 X multiply both sides by 2 X 

2 x + x + 2 5 -x+x _ 12 x 2 X = 0 

2 2x - 12 x 2 X + 32 = 0 by factorizing trinomial 

(2 X - 4) ( 2 X - 8) = 0 

either : 2 X = 2 2 then x = 2 

or: 2 X =2 3 then x = 3 



| Try to solve 



4 In the previous example prove that: 



fix + 1) fix - 1) 



+ 



fix- 1) f{x+ 1) 



18 

25 




Solving Exponential Equastions Graphically 



w 



Activity 



5 Using a graph program draw in one figure the two curves of the two functions ffx) = 2 X , 
f 2 (x) = 3 - x, then find from the graph the solution set of the equation 2 X = 3 - x 



^ Solution 

Using the GeoGebra program draw the two curves of the two 
functions and from the graph we find that the point of intersection 
is (1,2) 

So the solution set of the equation 2 X = 3 - x is {1}. 




Q Try to solve 

5 Using a graph program draw the graph of each of the two functions: 

/j (x) = 2 X ,/ 9 (v) = x + 2 in one figure and then find from the graph the solution set of the equation 
2 X = x + 2 
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W 




1 Choose the correct answer: 
a If 2 x + 1 = 8 , then x - 
(a) 1 (b) 2 

b If 5 x ' 1 = 4 x_1 , then* = 
(a) 5 (b) 1 



Exercises 2-3 




(c) 4 
(c) -1 



(d)3 

(d)0 



c (i) a_ ■ a ~ 2 = 1 where a > 0, then a = 

(a) 1 (b) -3 (c) 2 

2 Find the solution set of each of the following equations: 
a 2 x + 1 = 4 b 3*-!= I 

d 5 * + 3 _ 4 .v + 3 e (3/3 ~) 1x1 = 27 



(d) 3 

c 7 X_2 = l 
f 3 x+ 3 - 3 x+ 2 = 16 2 



9 5 2x + 25 = 26 x 5 X b 2 X + 2 5 " X =12 i ( y )* +1 + ( y ) JC+3 + ( y ) JC+5 = 84 

rx Z Z Z 

3 Find the S.S of the two equations: 

3 X x 5- v = 75 , 3 y x 5 X = 45 



4 If/jCr) = 3 x ,/ 2 (x) = 9 X find the value of * which satisfy f x (2x -1) +f 2 (x + 1) = 756 

5 \ff(x) = 7 x+ 1 find x which satisfy f(2x - 1 ) +f(x - 2) = 50 

6 find graphically the solution set of the equation: 

a 3 x " 2 = 3- v b 2 X = 2x 



7 Creative thinking: If x 3 = y 2 andx n + 1 = y n " 1 find the value of n ? 

8 Numbers: If the sum of 2 + 4 + 8 + 16 + + 2 n is given by the relation 

s n = 2(2 n -l) 

a Find the sum of the first ten numbers in this pattern 

b Find the number of terms of this pattern starting from the first term to give the sum 
131070 



9 Solve each of the following equations 

a 3 x2 - 42 = (I) x b 7 2 ' x + 7 ' x = 50 

10 Creative thinking: 

Find the solution set of the equation: 

9 x + l _ 3 x +3 _ 3 x + 3 =Q> 
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) Think and discuss 



X 



Y 




The opposite figure represents relation (father) 
between a set of fathers ( x)= { Emad, Abdallah, 

Ossama, Atef} and a set of daughters (v)= {Amal , 

Nay era, Ghada, Gana}. using the figure : 

1 ) Write the relation representing (father) from 
X to Y. does the relation represent a function ? and if so is it one to 
one Function? 

2 ) Write the relation representing (daughter) from Y to X. is it a 
function? 



J !" 1 Learn 



The Inverse Function 

If the function/ is (one-to-one) function from X to y then/" 1 is an 
inverse function of/ from Y to X if : 

for (x. y )ef then (y. x) e f ~ 1 

X Y X Y 

f A 




f 






% Example 

(l ' If the function/is as follows: /= {(1,2), (2, 4), (3, 6), (4, 8)} . 
Find the inverse function of/ and represent both in one figure. 

o Solution 

The function f is one to one 
So, it has an inverse 
■.■f{x) ={(1,2), (2, 4), (3, 6), (4, 8)} 

.-.f-\x) = {(2, 1), (4, 2), (6, 3), (8,4)} 

We notice that the function / and the 
inverse function f A are symmetric 
about the straight line y = x 
Thus /"* (v) is the image of fix) by 
reflection in the straight line y = x 



Y i 




























ft 


? / 


n 




\ 
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/ 
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✓ 












/ 


, ! 


f 




/ 

/ 
















7 




/ 

/ 

* 














/ 




■ 


/ 

/ 






f- 1 










/ 


:/ 


/ 
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We will learn | 

► The inverse function 

► The graphical repre- 
sentation of the inverse 
function 

► Finding the inverse 
function algebraically 
and graphically 



Key - term 






► Function 

► Inverse Function 

► One - to One Function 

► Domain 

► Range 

► Reflection 



Matrials 



► Scientific Calculator 

► Graph program 

► Computer 
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Q Try to solve 

1 Find the inverse function of the function represented by the following table: 





-3 


-2 


-1 


0 


1 


fix) 


7 


3 


1 


0 


1 

2 



The vertical line test 



If a vertical line cuts the curve at 
one point then the curve represents 
a function. 







V 


A 








1 






\ 










1 






2 






























i - 










\J ‘ 


X 






~^t 


< 


\ 


/ 







The horizontal line test 



If any horizontal line cuts the curve 
at a point then the curve represents a 
one-to-one function 









i 


‘y 


T 
















/ 












2 




/... 














7 










i - 


>. - 








: 


X 






7 


-T 














/ 


-2 


r 









Notice that: 

If the function is not one-to-one (Doesn't satisfy 
test..) then its inverse doesn't represent a function. 

i.e y -x 2 (is not one to one) then its inverse ly I = 



Properties of the inverse function: 

1 ) we said that fix ) , gix) each one is inverse 

function to the other if 
( f°g){x)=x and (g ° f) (x) = x 

2 ) the domain of fix) = the range of inverse function 

f A (x) 

the range of fix ) = the domain of inverse 
function/' 1 ix) 

Critical thinking: 

What is the domain of the function / such that fix) = x 2 in which the 
function /has an inverse function and find that inverse function. 

% Example 

2 Find the inverse function of the function /such that /fw) = 2x + I 
and represent f(x) and its inverse graphically in one figure. 




to find the inverse 
function, first we 
exchange variables, 
then we find y in 
terms of x. 
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^ Solution 

y =2x + 1 

x = 2y + 1 exchange variables 

2 y = x - 1 

y =^(*-1) f'\x) = \{x- 1) 



X 


1 


0 


fix) 


3 


1 


f\x) 


0 


-1 

2 



Notice that The curves of the function/and its inverse function 
/ _1 are symmetric about the straight line y = x 

El Try to solve 

2 Find the inverse function of the function y = x 3 and represent 
both in one figure. 




% 



Example 



3 Iffix) = 3 + -J x - \ find 

a The domain and the range of the function/, 
b f A {x) and find its domain and its range 

c Using a graph program draw the graph of each of fix) and its inverse function/" 1 (x) 




^ Solution 

a fix) is defined for all values x -1^ 0 i.e. x^l 



.'. The domain of fix) = [ 1 , °°[ 

v -J x -1 > 0 for all values of x which belong to the domain 

.-. 3 + fifiA ^3 => fix) > 3 

The range of fix) = [ 3,o° [ 



h y = 3 + / x -1 

by exchange the variables x , y 

x = 3 + v y -I x -3= V y -1 by squared both sides 

(jc - 3) 2 = y - 1 

y = (* - 3) 2 + 1 :.f-fix) = (x- 3) 2 +l 
The domain of/ _1 (x) = R And the range of it = [1 ,o° [ 
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H Try to solve 

3 if/:R > R + 



fix) = 



X 2 + 1 



a Find/'/x) and determine its domain and its range 
b Using a graph program draw the graph of each of fix) 



m 



Exercises 2-4 






1 Complete: 

a If the function/= {(1,4), (2, -3), (3, 1), (4,0)} then/" 1 = X 

b The opposite figure represents a function /: x > Y then 

./' ' ( 2 ) = 

c The image of the point (2, 1) by reflection in the straight line 
y = .v is 

d If/is a one to one function and/(2) = 6 then/ 1 (6) = 

a If/: x >4* then/' 1 : x > 

2 Put (V) for the correct statement and (X) for the incorrect statement : 

a The domain of the function is the domain of its inverse function, 
b The increasing function on its domain always has an inverse function., 
c The even function always has an inverse function, 
d The odd function always has an inverse function. 

3 Find the inverse function (if possible) of each of the following: 



a ftx) = ±x + 4 
c f x ) = 5 + ^ 
e /» = 8 x 3 - 1 
9 J{x) = 2+ fJ 



b f( x ) = 4x 
d f(x) = ^ 



where x ^ 1 
where -3 ^ v ^ 0 



i fix) = (x - l) 2 + 2 
k fx) = 7 9 - x 2 
1 fx) = V 9 - x 2 where 0 ^ x ^ 3 
m /={(!, 2), (2, 3), (3, 4)} 



1 f(x)= y 4-x 

h f(x) = x 2 where x^O 
i fix) = x 2 + 8 v + 7 where x ^ -4 



X 


-2 


1 


2 


5 


fix) 


7 


4 


1 


1 



Y 




( ) 

( ) 

( ) 

( ) 
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If f(x) = 5x. f i nd / 1 (x) and represent it graphically. 

The opposite figure represents the function /from X to Y find 
/- 1 (b) + 2f\ c). 



X Y 




5 In each of the following figures draw in the same figure the curve of the inverse function/" /x) 






6 Discover the Error: 

Wael and Rana tried to find the inverse function of the function /(x) 



fix) = 



x - 5 



Wael's solution 






Rana's solution 



x - 5 



f~\x) = 



1 



fix) 



f \x) = 1 * 

= 1 x 

f-\x)= - 



x -5 
x 

X 

x -5 
x 



x-5 



• y = x " 5 
J x 

y - 5 
. x = — — 
y 

.yx = y-5 

• y x - y = -5 

• y (*- 1) = -5 

./ >w = 



exchange variables 
cross multiplication 



x - 1 



Which solution is correct? Why? 

7 Open question: Is it possible for a function /to be itself the inverse function/ 1 ? If it's 

possible give examples. 

8 Determine the domain at which the function f has an inverse for each? 

a fix) = X 1 b /W=V c f ix ) - / 
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Unit Two Logarithmic Function and 

Its Graph 



2 - 5 



We will learn J 

► Definition of the loga- 
rithmic function . 

► The graphical represen- 
tation of the logarithmic 
function 

► Transformation from the 
exponential from to the 
logarithmic form and 
conversely. 

► Solving simple expo- 
nential equation 



Key - term 



► Logarithm 

► Inverse Function 

► Domain 

► Common Logarithm 



Matrials 



► Scientific Cal. 

► Computer 




Log 

a x = y is a 
logarithmic form, 
its corresponding 
exponential form is 

a-' = x 



Graphical representation of the inverse function of 
the exponential function 



Discover 



You know that the function y = yCT is the 
inverse function of y = x 2 for x ^ 0 (its 
image by reflection in the line y = x) 



Y 


y 


CN — 

II 


;= x 


T 






= yGT 


1 








1 


0 




■ X 



Can you represent the inverse function of 
the exponential function f such that/(x) = 2 X graphically by representing 
the values of x, y for the ordered pairs of the function. 







X 


y 


-3 


i 




8 


-2 


1 




4 


-1 


1 




2 


0 


1 


1 


2 


2 


4 


3 


8 



x = 


2 y 


X 


y 


1 


-3 


8 




1 


-2 


4 




1 


1 


2 




1 


0 


2 


1 


4 


2 


8 


3 




We find that the inverse of y = 2 X is x = 2 y and the variable y in the 
equation x = 2 y is called logarithm x. and it's written as y = Log x and 

it's read as logarithm x to the base a 



ES 



Learn 



Logarithmic Function 

If a e R + -{1} then the function/: R + 
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inverse function of the exponential function y - a x 

fix ) = Log x is called the logarithmic function 
a 

> Domain of logarithmic function = R + 

> Range of logarithmic function = R 

> The form y = Log x is equivalent to a y = x 
a 

Pure mathematics - Second form secondary - Scientific 



R where /(xj = l°g x is the 
a 







PDF Compressor Pro 



Converting to the logarithmic form: 

a 2 4 = 16 



Logarithmic Function and Its Graph ~ 5 ^ 



equivalent Log 16 = 4 b 5 2 = 25 equivalent Log 25 = 2 
2 



5 

c (i) 4 = TZ equivalent Log -5- = 4 d 10 2 =0.01 equivalent Log 0.01= -2 

ZlO 1 ID 



c (!) 4 _ _8J_ 
V 625 



d 5-3 = _L_ 
125 



Q Try to solve 

1 put each of the following in the logarithmic form 
a 7 2 = 49 b (/T)io = 32 

The common logarithms of base 10. 

If the base of the logarithm is 10 it is named by common logarithm and written without base such 

as Log 7 is written Log 7, Log 127 is written log 127 
10 " 10 

Change to the exponential form: 



a Log 81=4 equivalent 3 4 = 81 
3 

1 I 

C Log jQQ = -2 equivalent 10 2 = — 

El Try to solve 

2 Put in exponential form: 



b Log 128 = 7 equivalent 2 7 = 128 
2 

o a 

d Log 27 = - equivalent 8 1 4 = 27 
81 4 



1 



Lo | 243 



= -5 



a Log 125 = 3 
5 

Evaluating the value of the logarithmic form of given base: 



c Log 1=0 
4 



d Log 1000 = 3 



% Example 

(T Find the value of: 
a Log 0.001 



b Log ^27 
3 



Q Solution 

a Putting y =Log 0.001 

change to exponential form: 

10 y = 0.001 



y l 

10 = (— ) 3 from the properties of exponents 

y -3 

10 = (10) from properties in exponents 



y = -3 thus log 0.001= -3 



b Putting y = Log 4/ 27 
3 

Change to exponential form 



3 y= 3 4 from the properties of exponents 

7-i 

• •• Log W = \ 

3 4 



H Try to solve 

3 Find the value of: 



Log 0.00001 



b Log 128 
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Unit Two: Exponents, Logarithms and their Applications 



% 



Example 




Find in R the solution set of each of the following equations: 
3 Log (2x - 5)= 1 b Log (x + 2) = 2 

3 x 



^ Solution 

a The equation is valid when 2x - 5 > 0 i.e. x > ^ (the equation validity domain) 
converting the equation into exponential form 
3 1 = 2x - 5 /. 2x = 8 

x = 4 e the equation validity domain solution set = {4} 



b The equation is valid when x 



x > -2 

x > 0 

. x±\ 



x + 2 > 0 

x > 0 i-e. 

1 

then ]0,o°[ - {1} (the equation validity domain) 
converting the equation into the exponential form 
x 2 = x +2 x 2 - x - 2- 0 

(x - 2) (x + 1) = 0 x = 2 or x = -1 

V x = -1 g the equation validity domain solution set = {2} 



Q Try to solve 

4 Find in R the solution set of each of the following equations: 
a Log x = ^ b Log 5x =2 

81 4 x 



J 71 Learn 



Graphical Representation of the Logarithmic Function 

The function/such that_/(x) = Log x , a / 1 is represented graphically as in the following figures: 



when a > 1 





f( 


<) ‘ 
















2 
















1 














2 - 


0 




2 


3 


4 


X 






~=T 
















-1 













The domain: R + 

The Range: R 
Intersection With x-axis: (1,0) 
Increasing on: R + 
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Logarithmic Function and Its Graph 



2-5 




The domain: R + 

The Range: R 
Intersection With x-axis: (1,0) 
Decreasing on: R + 



Critical thinking: Can you deduce the relation between the exponential functional and logarithmic 
function? Show this. 



* 



Example 



3 Represent the following functions graphically: 

a fix) =Log x b f(x) = Log x 

2 i 

^ Solution 




Using the calculator: 

The scientific calculator can be used to find the values of the logarithms as follows: 

1 ) to find Log 4 we press the key with the following sequence: 

2 log } ® © QD © 2 

2) to find Log 38 we press the keys with the following sequence: 

*°g 3 8 = !.sqgqg3S3S 



Drill : 

Using the calculator to find 

a Log 12 b Log 24 b Log ^ d Log 128 

3 3 ST z/ 
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Unit Tw o: Exponents, Logarithms and their Applications 



m 



Exercises 2 - 5 






1 Express each of the following in the equivalent logarithmic form: 



a 3- 2 =± 
9 



b (2)4 _ J6_ 
V 625 



c 5° = 1 



2 Express each of the following in the equivalent exponential form: 



a Log 100 = 2 b Log 4 f~2 = y c Log 1=0 

2 2 ? 

3 Lind the domain of each of the following functions : 



d (/2~) 4 = 4 



d Log 121 =4 

V ii 



b fix) = 2Logx 
4 Without using calculator find the value of: 



a fix) = Log (2x+ 1) 

3 



c fix) = Log (x-3) 

(5-x) 



b Log 5 

VT 

5 Lind in R the solution set of each of the following equations: 



a Log 16 

2 



c Log 1 

8 



a Log 27 = x + 2 b Log (2x + 3) = 2 

3 x 

d Log (Log *) = 1 e Log [13 + Log (x - 1)] = 2 

2 3 4 2 

6 Represent graphically each of the following functions: 



c 

f 



d Log 3 f~3 
3 



Log (2x + 1) = 0 

Log (4 X -2) = x 
2 



a fix) = Log x 

3 



b fix) = Log (x+ 1 ) 

1 

2 





9 


fix) 





i 

9 




i 

'2 



0 



7 Draw in one diagram the curves of each of the two functions g, f where gix) = Log x, 

2 

f{x) = 6 - x, then use the graph to find the solution set of the equation Log* = 6 - x. 

2 

Choose the correct answer: 



8 If Log x-2 then .v = 

3 

a 9 b 8 



9 If Log 16= 4 then a < 



c 3 



d 5 



a {16} 

10 Log 125= 

5 

a VT 



b {2} 



b 3 



c {2,-2} 



c 5 



d {1} 



d 125 
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"X Logarithmic Function and Its Graph - ^ 



1 1 The domain of the function /such that fix) = Log 3 is 

(l-x) 

a ]-oo,0[U]0, 1 [ b ]-oo, l [ c ]l,oo[ 



d ]-!,![ 



@ Log 100 

a 1 



b 2 



c 3 



13 If the curve of the function / where /(x) = Log x passes through the point (8, 3): then 

/( 4 ) = 



a 1 b 2 c I 

1 4 the opposite figure represents the function 

a y = 3*- 1 b y = 3 X+1 

c y = Log(2-x) d y = Log (3-x) 

3 3 

1 5 Find the value of each of the following then check the result 
by using calculator: 

b Log : 1 



d -2 











k 
















































3 


2 


1 o 


i 


2 


V 


t 


■ X 














J 












-2 

' 


< 









a Log 8 1 

3 



81 



;8 



b Log( 2 x - 5) = 0 

3 



d Log 0.001 



c Log 343 

2 " -TT 

1 6 Find the value of each of the following then check the result by using calculator: 
a Log* = | 

v-2 



c Log ( * + 6) =2 



d Log Log Log* = 0 

5 2 3 



Log( 



2x -3 



0=1 



* Log I 2 x + 1 1 = 1 

5 



17 Education: if the relation between retention of materials of a student in the first 
secondary form and the number of months (t) starting from the end of study of the class is: 

/(t) = 70-4 Log (t+1) 

2 

find the score of the student: 

first: at the end of the study of the class (t = 0) 

second: after 7 months from the end of the study of the class. 

1 8 Application: In a study to measure the students retain what has been studied in a certain 
subject they re - examed from time to time in the same subject. If the student score follows 
the relation /( t) = 85 - 25 Log (t + 1) , where t is the period after studying in monthes, f(t) 
is the student score in percentage. Find: 

a The score of the student in the first exam for this subject. 

b The score of the student after 3 months from studying this subject. 

c The score of the student after one year from studying this subject. 
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Unit Two 

2 - 6 




Some Properties of 
Logarithms 




We will learn 


H 


► Using properties of 




logarithms 




► Solving logarithmic 




equations. 




► Using scientific cal. in 


solving exponential 




equations. 




► Life applications on 




logarithms. 




Key - term 


h 


► Logarithmic Equations 


► Richter Scale 





n . 

p Discover 

Use the calculator to evaluate each of : 

1) (Log 4 + Log 8) , Log 32 2) (Log40 + Log^) , LoglOO 

2 2 2 Z 

3 ) (Log 27 - Log 9), Log 3 What do you deduce? 

2 3 3 

Ft Learn 

Some Properties of Logarithms 

If: a e R + - {1} 1 ) Log a = 1 2)Logl = 0 

a a 

Try to prove each of 1 and 2 using the definition of logarithm. 
3 ) Multiplication property in logarithms: 



Matrials 

► Scientific Ca. 

► Computer and a graph 
program 
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Log* y = Log* + Logy where *, y e R + 

a a a 

To prove this relation: 
put b = Log* , c = Logy 

a a 

and from the definition of logarithm: 

x = a b , y = a c 



then xy = a b xa c i.e. xy = a b + c 

converting the last form into logarithmic: Log* y = b + c 

a 

By Substituting the values of b and c, we get Log* y = Log* + Logy 

a a a 

% Example 

1 Find the value of Log 10 in the simplest form. If the value of 

2 

Log 5 ~ 2.3219, verify your answer using the calculator. 

2 

^ Solution 

Log 10 = Log (2 x 5) 

2 2 



Log 2 + Log 5 

2 2 



using the multiplication property 



= 1 + 2.3219 ~ 3.3219 using property (1) and by substituting 

Log 5 ~ 2.3219 

2 
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Some Properties of Logarithms ~ 6 ^ 



Check by using calculator: 

CED CU © CD QD 0 3.32!3ES[I35 



iJ l Try to solve 

1 Find the value of Log 15 in the simplest form, if Log 5 ~ 1.465. verify the result using 

3 3 

calculator. 



4 ) The division property in logarithms 

Log | = Log* - Logy where x, y e R + 

a a 

% Example 

2 Find the value of the expression: Log30 - Log3 . 



(Try to prove this relation) 



^ Solution 

Log30 - Log 3 = Log ^- = Log 10 = 1 

Q Try to solve 

2 By using the division property in logarithms prove that: Log2 = 1 - Log5 



5 ) The power property: 
Log* n = n Log* 

a a 

% Example 



where neR,x>0,aeR + ,a ^ 1 



3 Find in the simplest form the value of Log 1/125 

5 

r Solution 

Log fV25 = Log(5) 4 = | Log 5 = | x 1 = | 

5 5 5 

Q Try to solve 

3 Simplify 



LogV243 , Log V343 
3 7 

Notice that: Log(-) = - Log x where xgR + 

a a 

6 ) Base changing property: 

Log x 

If x g R + and y , a e R + - { 1 } , prove that: Log* = — 

y Log y 

a 





e 


o 


(Vl25 = = 


3 

5 ? ) 



Student book - first term 



93 








DF Compressor Pro 



Unit Tw o: Exponents, Logarithms and their Applications j p 



r proof (not required) 

let: z = Log* 

y 

y z = x 

z Logy = Log* 



then 



Log * 

a 

Log y 



converting into the exponential form 
by taking log a to both sides 

Log * 

i.e: Log* = — — 
y Log y 



H Try to solve 

4 use property 6 to find the value of: a Log 8 

4 

7 - The multiplicative inverse property: Logb = 



a Loga 
b 



b Log 243 
9 



Critical thinking: If a, b e R + - {1} prove that Logb 

Log 7 x Log 3 in simplest form. 

3 7 

Simplifying logarithmic expressions 

% Example 

4 Simplify: 



1 



Loga 

b 



hence find the value of: 



a 2 Log 25 + Log (Jr + + 2 Log3 - Log30 b Log49 x Log5 x Log8 x Log 9 



5 



^ Solution 



a The expression = Log 25 2 + Logy + Log3 2 - Log30 
= Log (25 2 x x 3 2 x y) 

= LoglOO = 2 

b The expression = x x x 

Log5 Log8 Log9 Log7 

_ Log49 _ 2Log7 _ 

Log7 Log7 

Q Try to solve 

5 Simplify: Log0.009 - Logy- + Log 15 y - Log y 

6 Prove that: L °« T2 Q 9 T’ 8 !”* = 3 

w Log9 - Log4 

©if x 2 + y 2 = 8x y, prove that: 2 Log(x + y) = 1 + Log x + Log y 



property 5 
properties 3, 4 

properties 6 
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Some Properties of Logarithms ~ 6 j} 



Solving Logarithmic Equations 

% Example 

. 5 Find the solution set of each of the following equations In R: 

a Log(* - 1) + Log(* + 1) = Log8 b Log*+Log3 = 2 

3 3 3 3 x 

^ Solution 

a The equation is valid x £ (Tix - 1 ^ 0)* O (Tix + 1 0} 

then x > 1 (equation validity domain) 

Log(* - 1) + Log(* + 1) = Log8 

3 3 3 

Log(* - 1) (* + 1) = Log 8 



1=8 



property 3 

* 2 = 9 



then x = ±3 



-3 £ equation validity domain Solution set = {3} 



b The equation is valid at x > 0 , x ± 1 

Log* + =2 

3 Log* 

3 

(Log*) 2 + 1 = 2 Log* 

3 3 

(Log*) 2 - 2Log* +1=0 

3 3 

Log* = 1 

3 

Solution set = {3} 



property 7 



multiply by Log* 

3 

(Log* - l) 2 = 0 

3 

.'. x = 3e the equation validity domain 



Q Try to solve 

8 Find the solution set of each of the following equations In R: 
a Log*+ Log(* + 2) = 1 b Log(8 - x) + 2LogV x-6 = 0 



o Log*- Log 100 = 1 



Solving Exponential Equations Using Logarithms 

% Example us jng calculator to solve exponential equations 

6 Find the value of x in each of the following (Round the result to the nearest hundredth), 
a 2 X+1 = 5 b 5*- 2 = 3 x 4 X+1 



^ Solution 

a 2 x+ 1 = 5 



by taking log to both sides 



Log2 x + 1 = Log5 
Log5 



x + 1 = 



Log2 



i e v - Lo g5 _ , 
• LOg2 



(* + 1) Log2 = Log5 
1.32 
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Unit Two: Exponents, Logarithms and their Applications 



Using the calculator: 

CDD CD CD CD) C DD CD CD CD CD 0 i.32igsBa95 

b 5 X ' 2 = 3 x 4 X+1 by taking log to both sides 



Log5 x2 = Log( 3 x 4 X+I ) 



Log5 x ' 2 = Log3 + Log4 x+1 



(A - 2) Log5 = Log3 + (x + 1) Log4 
z Log5 - x Log4 = Log3 + Log4 + 2Log5 



x Log5 - 2Log5 = Log3 + x Log4 + Log4 
x (Log5 - Log4) = Log3 + Log4 + 2Log5 



Log3 + Log4 + 2Log5 
Log5 - Log4 



~ 25.56 



Using the calculator: 

GD CD CD CD GD CD CD CD CD CDD CDCD0CDCDGDCDCD 

CD CD CDD CD 0 

Q Try to solve 

9 Find the value of x in each of the following approximating the result to the nearest -yjy 
a 3 1 - 2x =13.4 b 7 x ‘ 2 = 4 x +3 




Example Applications on logarithmic laws 




Geology: If the magnitude of the intensity M(I) of an earthquake on Richter scale is given 



by M(I) = Log ( ), where I is the earthquake intensity, I 0 represents the smallest earth 

lo 

movement that can be recorded, called the reference intensity. 

a Find on Richter scale the magnitude of the earthquake of intensity 1 0 6 times the reference 
intensity . 

b In 1989 An earthquake measuring 7. 1 on Richter scale occurred. Determine its intensity. 



^ Solution 

a v M = Log(— ) , i„ = 10 6 L 

lo 

l° 6 Io 

M = Log ( j ~) = LoglO 6 = 6 Log 10 = 6 

lo 



i.e. the magnitude of the earthquake on the Richter scale is 6. 
b v M = 10 

7.1 = Log( “— ) ••• -p =10 71 

lo lo 

1 = 10 7 ' 1 1 . 



i.e. the earthquake intensity is 12590000 times the reference intensity. 



96 



Pure mathematics - Second form secondary - Scientific 





